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Abstract

This thesis introduces a novel, compositional, and thermodynamically consistent mod-
eling language for multiphysical systems, encompassing those governed by the princi-
ples of classical mechanics, electromagnetism, and thermodynamics. At its core, the
language builds on port-Hamiltonian systems theory. By interpreting the Hamiltonian
as an exergy storage function, the inherent passivity of port-Hamiltonian systems is
fully reconciled with nonequilibrium thermodynamics. Akin to metriplectic systems
and the GENERIC formalism, additional structural properties ensure that both the first
and second laws of thermodynamics are guaranteed. Inspired by bond graphs, the mod-
eling language features a simple graphical syntax, which is built upon a specialization
of the multicategory of undirected wiring diagrams. The compositional syntax not only
enables the hierarchical decomposition of complex systems into simple reusable parts
but also facilitates communication among human experts, non-experts, AI language
models, and computational tools for simulation, optimization, and control. The struc-
tured, energy-based approach aims to promote systematic enhancement and reusability
of models across diverse scientific and engineering domains. To demonstrate the utility
of the framework, the thesis examines two advanced applications: First, it is shown that
the modeling language can serve as a modular multibody framework. While the mathe-
matical formulation of the primitive subsystems is based on the Lie group of Euclidean
isometries, the compositional approach allows users to work with higher-level abstrac-
tions, starting with bodies and joints. Second, the thesis considers a series of fluid and
plasma models. Specifically, an ideal fluid model is reused as a subsystem of a Navier-
Stokes-Fourier model, which in turn is reused as a subsystem of two different plasma
models. The hierarchical decomposition reveals how increasingly complex models are
built from simpler and ultimately primitive subsystems that represent energy storage as
well as reversible and irreversible dynamics. The graphical syntax naturally expresses
the interconnection of subsystems through shared energy domains.
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Zusammenfassung

Diese Dissertationsschrift stellt eine neuartige, kompositionelle und thermodynamisch
konsistente Modellierungssprache für multiphysikalische Systeme vor. Dies beinhal-
tet Systeme aus klassischer Mechanik, Elektromagnetismus und Thermodynamik. Im
Kern basiert die Sprache auf der Theorie der port-Hamiltonschen Systeme. Durch die
Interpretation der Hamilton-Funktion als Exergiespeicherfunktion wird die inhärente
Passivität port-Hamiltonscher Systeme vollständig mit der Nichtgleichgewichtsther-
modynamik in Einklang gebracht. Ähnlich wie bei metriplektischen Systemen und
dem GENERIC-Formalismus sorgen zusätzliche strukturelle Eigenschaften dafür, dass
sowohl der erste als auch der zweite Hauptsatz der Thermodynamik erfüllt sind. Inspiri-
ert von Bondgraphen verfügt die Modellierungssprache über eine einfache graphische
Syntax, die auf einer Spezialisierung der Multikategorie mit dem Namen ‘undirected
wiring diagrams’ basiert. Die kompositionelle Syntax ermöglicht nicht nur die hier-
archische Zerlegung komplexer Systeme in einfache, wiederverwendbare Bausteine,
sondern sie erleichtert auch die Kommunikation zwischen Fachexperten, Laien, KI-
Sprachmodellen und rechnergestützten Werkzeugen zur Simulation, Optimierung und
Regelung. Der strukturierte, energiebasierte Ansatz zielt darauf ab, die systematis-
che Weiterentwicklung und die Wiederverwendbarkeit von Modellen in diversen wis-
senschaftlichen und ingenieurtechnischen Disziplinen zu fördern. Um den Nutzen der
Modellierungssprache zu demonstrieren, untersucht die Dissertationsschrift zwei fort-
geschrittene Anwendungen: Zunächst wird gezeigt, dass die Sprache als ein modu-
lares Framework für die Modellierung von Mehrkörpersystemen verwendet werden
kann. Während die mathematische Formulierung der primitiven Teilsysteme auf der
Lie-Gruppe der euklidischen Isometrien basiert, ermöglicht der kompositionelle Ansatz
den Nutzern mit Abstraktionen auf höheren Ebenen zu arbeiten, angefangen bei Kör-
pern und Gelenken. Zudem betrachtet die Arbeit eine Reihe von Fluid- und Plasma-
Modellen. Dabei wird ein ideales Fluid-Modell als Teilsystem eines Navier-Stokes-
Fourier-Modells wiederverwendet, welches dann wiederum als Teilsystem von zwei
verschiedenen Plasma-Modellen wiederverwendet wird. Die hierarchische Zerlegung
zeigt, wie zunehmend komplexe Modelle aus einfacheren und letztlich primitiven Teil-
systemen aufgebaut werden, welche sowohl Energiespeicherung als auch reversible und
irreversible Dynamik abbilden. Die grafische Syntax drückt auf natürliche Weise die
gegenseitige Verbindung der Teilsysteme durch gemeinsame Energiedomänen aus.
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Chapter 1

Introduction

1.1 Motivation

To motivate the ideas presented in this thesis, we want to answer the three following
questions [LLL25]:

1. What are Exergetic Port-Hamiltonian Systems (EPHS)?

2. How do they enable compositional modeling?

3. Why is this practically relevant?

1.1.1 What are Exergetic Port-Hamiltonian Systems?

“Exergetic Port-Hamiltonian Systems (EPHS) provide a compositional and thermo-
dynamically consistent language for expressing mathematical models of multiphysical
systems at macroscopic scales. Such systems may combine

(a) classical mechanics
(e.g., spring-mass systems, multibody dynamics, fluid mechanics),

(b) classical electromagnetism
(e.g., LC circuits, electromagnetic wave propagation)

(c) and irreversible processes with local thermodynamic equilibrium
(e.g., friction/viscosity, electrical resistance/conduction, thermal conduction).

The EPHS language is termed compositional because it enables a fully modular and
hierarchical approach to model specification through its simple graphical syntax, as
elaborated in the next subsection.
Flattening any hierarchical nesting reveals that every EPHS model is fundamentally
defined by a power-preserving interconnection of primitive subsystems. There are three
main classes of primitive EPHS:

1. Systems that represent energy storage are characterized by a function which
yields the stored energy for each state of the primitive system.
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2. Systems that represent reversible energy exchange are characterized by a so-
called Dirac structure [Cou90], as known, e.g., from (constrained) mechanical
systems.

3. Systems that represent irreversible energy exchange are characterized by another
type of structure that we call Onsager structure.

Since both classical mechanics and electromagnetism can be expressed using Dirac
structures, item 2 corresponds to (a) and (b) above, while item 3 corresponds to (c).
Structural properties of the primitive systems and their interconnection guarantee that
all models respect the first and the second law of thermodynamics, as well as Onsager’s
reciprocal relations.” [LLL25]

1.1.2 How do they enable compositional modeling?

“An expression in the graphical syntax of the EPHS modeling language is called an
interconnection pattern, as it specifies how a composite system is formed through a
power-preserving interconnection of subsystems. Figure 1.1 shows an example from
fluid dynamics, see [LKL24].
The syntax deals with systems only in terms of their interfaces, i.e. their exposed ports.
Each port has two attributes: The first attribute gives the physical quantity that can be
exchanged via the port together with the corresponding state space. To rule out ill-
defined connections, only ports with the same quantity can be connected. The second
attribute is of Boolean type and indicates whether power can be exchanged over the
port or merely information about system state, as indicated graphically by a solid or a
dashed line, respectively.
We think of an interconnection pattern as a function. For each inner box, it takes as
input a system with matching interface, and it outputs a system whose interface matches
the outer box. For instance, the pattern shown in Figure 1.1 represents a function that
takes two subsystems, whose interfaces are determined by the ports of the boxes ke

and sa, and it combines them into a composite system, whose interface is given by
the ports of the outer box. We draw inner boxes filled with a color to indicate the
nature of the subsystems that we consider as inputs. In Figure 1.1, box ke has a blue
filling, as it represents energy storage (the fluid’s kinetic energy). Box sa has a green
filling, as it represents reversible energy exchange (advection of momentum and mass).
Written on top of the outer box, kin is an identifier akin to a function name and the
text in parentheses is just a short description. The multiport f facilitates integrating the
system into a more complex model without drawing parallel connections.
Figure 1.2 shows the hierarchical specification of a plasma model. For simplicity, a
spatial domain with isolated boundary is assumed such that only the in-domain inter-
connection of the different models needs to be dealt with. A red filling indicates that the
respective input is a primitive system modeling an irreversible process. A yellow fill-
ing signifies that the input is a nested composite system, specified in terms of its own
pattern. Recursively substituting into all yellow boxes the respective patterns would

2
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f.m

sa

ke

bₖ

m
pf.p

kin (kinetic energy system)

Figure 1.1: “Graphical display of an interconnection pattern with different syntactic el-
ements shown in different colors. The outer box shown in purple represents
the interface of the resulting composite system. The three protruding lines
represent its ports called f.p, f.m and bk. The two inner boxes shown in
red represent (the interface of) the subsystems called ke (storage of kinetic
energy) and sa (self-advection of kinetic energy). Both have ports called p

(momentum) and m (mass). Box sa has another port called bk (advection
of kinetic energy across the boundary of the spatial domain). The common
prefix f (fluid) of the outer ports f.p (fluid momentum) and f.m (fluid mass)
combines them into a multiport. The black dots represent junctions where
power is exchanged among the connected ports. The dashed line indicates
that only information about the state (fluid mass) is exchanged via the outer
port f.m, with no energy transfer occurring.” [LLL25]

yield an equivalent model specification without the hierarchical decomposition. The
composition of patterns through substitution is uniquely defined whenever interfaces
match (possibly up to a given renaming of the ports). No additional data or handling of
‘edge cases’ is required. One can hence easily add levels of abstraction by refactoring
subsystems into reusable parts. In the fluid model, one could for instance factor out the
kinetic energy system filling box kin and the internal energy system filling box int

into a reusable model of an ideal compressible fluid, see [LKL24].” [LLL25]

1.1.3 Why is this practically relevant?

“EPHS provide a formal and intuitive modeling language suited for humans and soft-
ware tools alike. As shown above, increasingly complex models are assembled from
simpler and ultimately primitive parts. This fosters the reusability of models and en-
courages the conceptual separation of different levels of detail. Beyond the modeling
process, this can be beneficial when the language is used in interdisciplinary commu-
nication and education. Some modeling errors can be completely avoided due to the
built-in thermodynamic consistency and the typed interfaces (given by ports with fixed

3
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sa

ke

f.m m
pf.p

bₖ

kin (kinetic energy system)

(a) Kinetic energy system

int

kin

th

vol

shr

f bₜ

bᵥᵥ

f (fluid)

(b) Fluid system

f

el

ekc

em

f

em

emhd

(c) EMHD system

Figure 1.2: “Hierarchical specification of an electro-magneto hydrodynamics (EMHD)
model [LKL24]: The fluid model f shown in (b) includes the kinetic en-
ergy system kin depicted in (a), as well as four additional models not de-
tailed here: an internal energy system int, a thermal conduction model th,
and volume and shear viscosity models vol and shr. The electro-magneto
hydrodynamics model emhd shown in (c) includes the fluid model f de-
picted in (b), as well as three additional models not detailed here: an elec-
tromagnetic system em, an electric conduction model el, and a model for
the electro-kinetic coupling ekc.” [LLL25]

physical quantities). Since interconnection patterns are essentially energy/exergy flow
diagrams, EPHS models are particularly useful for thermodynamic analysis and op-
timization. The compositional nature of EPHS could enable a scalable approach to
model transformations, such as discretizations. It could also enable a practical integra-
tion of first-principles-based thermodynamic modeling and scientific machine learn-
ing.” [LLL25] Finally, the simple mathematical structure, the fixed physical interpreta-
tion, and the guaranteed thermodynamic consistency of the modeling language make it
a strong candidate for reasoning about physical models using artificial intelligence.

1.2 Background

Figure 1.3 presents an overview of related research fields that have influenced this work.
This section highlights several key concepts from those areas. A deep understanding
of those fields is not a prerequisite for the subsequent chapters. Interested readers can

4
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find further details in the cited references. A comparison between the EPHS model-
ing language on the one side and bond graphs, port-Hamiltonian systems, as well as
metriplectic and GENERIC systems on the other side follows in Section 6.1.

bond	graphs

GENERIC

PHS

ACT

dissipative	systems	theory

nonequilibrium
thermodynamics

framework

formalization
and

compositionality

graphical	energy-based	modeling

Figure 1.3: “Informal Venn diagram illustrating that EPHS integrates ideas from graph-
ical and energy-based modeling of physical systems with bond graphs (see,
e.g., [Pay61; Bor10]), the metriplectic/GENERIC framework for nonequi-
librium thermodynamics (see, e.g., [Mor84; Ött05]), port-Hamiltonian the-
ory for open, dissipative systems (PHS) (see, e.g., [vJ14]), and applied cate-
gory theory (ACT) research on the formalization of graphical languages and
compositional dynamical systems (see, e.g., [FS19; Spi13; BE15; Lib20;
Mye23]).” [LLL25]

1.2.1 Nonequilibrium thermodynamics

“Most physical systems are characterized by a huge number of degrees of freedom, but
keeping track of them is usually neither possible nor useful. Nonequilibrium thermo-
dynamics aims to provide a framework for coarse-grained modeling, meaning that fast
dynamics at small scales are not resolved, and a quantity called entropy is introduced
to account for the missing information, see, e.g., [PKG18]. Coarse-graining is possible
because, despite fluctuations at the microscopic scale, one can eventually observe non-
fluctuating properties at a more macroscopic scale; at least this is the case for isolated
systems. For instance, temperature is a property that only appears at more macroscopic
scales. Thermodynamic properties are classified as extensive when they are propor-
tional to the size of the system (e.g., entropy, volume, mass), or as intensive when they

5
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do not depend on the size of the system (e.g., temperature, pressure, chemical poten-
tial), see, e.g., [Cal85].
A system is said to be in local thermodynamic equilibrium if for every material point
there exists a neighborhood large enough to observe thermodynamic properties, yet
small enough for the properties to be essentially non-varying inside the neighborhood,
see, e.g., [Ött05]. The size of these neighborhoods corresponds to a macroscopic scale
at which the dynamics of the thermodynamic properties can be observed and also mod-
eled.
The first law of thermodynamics restates a fact known from mechanics, namely that en-
ergy is a conserved quantity. However, instead of considering directly the mechanical
and electromagnetic energy associated to microscopic degrees of freedom, a thermo-
dynamic model with local equilibrium resorts to a phenomenological description. This
so-called internal energy depends on a number of extensive properties, including en-
tropy, and possibly further mechanical or electromagnetic state variables that are ob-
servable on the considered macroscopic scale. These quantities then serve as the state
variables of a coarse-grained description. Moreover, temperature is defined as the
derivative of the internal energy with respect to entropy. Similarly, pressure is given
by the derivative with respect to volume and the chemical potential is the derivative
with respect to mass, see, e.g., [Cal85].
Models in classical mechanics and electromagnetism exhibit reversible dynamics, mean-
ing that one could in principle arrive again at the initial condition by formally reversing
the direction of time (although for many systems this would be practically impossible
due to chaos). Incomplete knowledge about the microscopic state immediately leads
to an irreversible dynamics and an irreversible dynamics in turn leads to a growth of
entropy, as information (e.g., about the initial state of the system) is lost as the system
evolves. This is reflected by the second law of thermodynamics which states that the
entropy of an isolated system never decreases and that the system evolves towards a
state of maximum entropy, see, e.g., [Ött05]. In other words, the uncertainty about the
microscopic state can only grow, not decrease.
For models with local equilibrium, the irreversible dynamics can be expressed in terms
of so-called thermodynamic fluxes that determine the rate of change of coarse-grained
state variables. The fluxes are expressed as a function of so-called thermodynamic
forces, which are given by local differences in intensive quantities, see, e.g., [Ött05;
GM84]. For instance, temperature differences cause heat flux, according to Fourier’s
law, and differences in chemical potential cause a diffusive mass flux, according to
Fick’s law. Further, one may observe cross effects such as a diffusive mass flux caused
by temperature differences (Soret effect), and, conversely, a heat flux caused by differ-
ences in chemical potential (Dufour effect). Onsager’s reciprocal relations state that the
relation between fluxes and forces must possess a certain symmetry [Ons31]. Specifi-
cally, the ratio of the mass flux caused by the Soret effect and the respective temperature
difference is equal to the ratio of the heat flux caused by the Dufour effect and the re-
spective difference in chemical potential.” [LLL25]

6



1.2 Background

1.2.2 Metriplectic systems and the GENERIC formalism

“Metriplectic systems as well as the general equation for reversible-irreversible cou-
pling (GENERIC) refer to a framework for combining reversible and irreversible dy-
namics in a thermodynamically consistent manner, see, e.g., [Mor84; Grm84b; Grm84a;
Kau84; GÖ97]. The reversible part is modeled as a Hamiltonian dynamics, which in-
herently conserves energy, while the irreversible part is modeled as a (generalized)
gradient flow, which inherently drives the system toward maximum entropy. Two ad-
ditional conditions ensure that the reversible dynamics conserves entropy, and the ir-
reversible dynamics conserves energy. As a result, the combined dynamics respects
both the first law and the second law (see, e.g., [Ött05; PKG18]). [We come back
to this in Section 2.8.2.] While many well-known physical models can be identified
as metriplectic systems or instances of the GENERIC, the framework is particularly
useful as a guide for developing new thermodynamic models.” [LLL25]

1.2.3 Bond graphs

“Bond graphs provide a graphical notation for representing multi-domain models, par-
ticularly those involving mechanical and electrical systems, see, e.g., [Pay61; Bor10].
The main idea is that elements interact via so-called bonds that represent links for en-
ergy exchange. Each bond is associated with two dynamic variables, called flow and
effort, whose product gives the exchanged power.
Bonds can be connected through two types of junctions: 0-junctions, where the flow
variables of all connected ports balance while all effort variables are equal; and 1-
junctions, where the effort variables balance while all flow variables are equal. In both
cases, the net power at a junction is zero.
The elements are commonly generalized capacitors, inductors, transformers, resistors,
etc. The junctions are then seen as generalized Kirchhoff’s circuit laws.” [LLL25] We
come back to this in Section 3.4.

1.2.4 Port-Hamiltonian systems

“Port-Hamiltonian Systems (PHS) were originally inspired by relating the dynamical
systems obtained from generalized bond graphs1to Hamiltonian mechanics [Mas91].
While many authors make use of PHS in input-state-output form, PHS generally consti-
tute an acausal systems theory, also inspired by Willems’ behavioral approach [Wil74;
Wil07]. The dynamics of networks composed of energy storing elements and reversible
coupling elements (generalized transformers and gyrators) can, from a geometric per-
spective, be formalized as Hamiltonian systems with a Poisson structure that reflects
the network topology [MvB92].

1While bond graphs commonly use generalized capacitors and inductors as storage elements, so-called gener-
alized bond graphs use only generalized capacitors together with gyrator elements [Bre82].
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Chapter 1 Introduction

The generalization to systems with algebraic constraints and/or external port variables
is achieved using Dirac structures [vM95]. These offer a relational approach that unifies
Poisson and presymplectic structures (see, e.g., [Cou90; Bur13]).
By modeling resistive elements as relations imposed on external port variables, Hamil-
tonian dynamics can be combined with (dissipative) gradient dynamics.
A key feature of PHS is their composability: interconnecting simpler systems yields a
more complex one. This is achieved by composing the Dirac structures of the individual
systems with an ‘interconnecting Dirac structure’ (see, e.g., [vJ14]).
Another key feature is that every PHS satisfies a power-balance equation, stating that at
every instant the sum of the stored energy and the dissipated energy equals the supplied
energy. As the dissipated energy cannot be negative, PHS are inherently passive. In this
context, the term ‘energy’ stems from the ‘Hamiltonian’ storage function. For EPHS,
this function is interpreted as the stored exergy, making the power-balance equation a
statement about rates of exergy transfer. This interpretation fully reconciles the inherent
passivity of PHS with the first and second law of thermodynamics, as exergy is indeed
dissipated (or destroyed) by irreversible dynamics.” [LLL25] We come back to this
in Section 2.5.

1.2.5 Applied category theory

“A category has objects and (homo)morphisms, also called arrows. We write Ob(C)
for the set of objects of the (small) category C and for any x, y ∈ Ob(C) we write
Hom(x, y) for the set of morphisms with domain object x and codomain object y, i.e. for
arrows from x to y. Morphisms compose associatively. For f ∈ Hom(x, y) and g ∈
Hom(y, z), there exists g◦ f ∈Hom(x, z). For every x∈Ob(C), there exists a designated
morphism idx ∈ Hom(x,x), which behaves as an identity with respect to pre- and post-
composition. We write this as the diagram

x y z
f g

.

Composite and identity morphisms are usually omitted because their existence is guar-
anteed by the axioms. Every directed graph can be made into a category with vertices
as objects and edges as morphisms. Identity and composite morphisms must be (freely)
added. String diagrams are (Poincaré) dual to diagrams such as the above and provide
a formal syntax for morphisms in (monoidal) categories:

<latexit sha1_base64="Itw0I6wjGjK726DvHQPIBpcKFcY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUw2m3bpZhN3N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6BmgkvWNNwI1kkVwzgQrB2Mbmd++4kpzRP5YMYp82McSB5xisZK7Yj0HjMM++WKW3XnIKvEy0kFcjT65a9emNAsZtJQgVp3PTc1/gSV4VSwaamXaZYiHeGAdS2VGDPtT+bnTsmZVUISJcqWNGSu/p6YYKz1OA5sZ4xmqJe9mfif181MdO1PuEwzwyRdLIoyQUxCZr+TkCtGjRhbglRxeyuhQ1RIjU2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAEyiM4Ble4c1JnRfn3flYtBacfOYY/sD5/AH1v49W</latexit>

f
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y <latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="uSW0H71JUat1zrUvRTNUif2jrkk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz2OM9A==</latexit>g

Objects and their identity morphisms are drawn as strings (edges), and the morphisms
are drawn as boxes (nodes). An important (small) category is FinSet whose objects
are finite sets and whose morphisms are functions between them. There is also a cate-
gory Set of (‘small’ but not necessarily finite) sets and functions between them. (This
category is not small because its objects do not form a set.)
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1.2 Background

A functor is a structure-preserving map between categories. If C and D are categories,
a functor F : C → D maps an object x ∈ Ob(C) to an object F(x) ∈ Ob(D) and maps
a morphism f ∈ HomC(x, y) to a morphism F( f ) ∈ HomD(F(x), F(y)). A construc-
tion is functorial if it can be expressed as a map between categories, which preserves
composition and identity. A prominent example is the tangent functor, which maps
the category of smooth manifolds to the category of smooth vector bundles. It sends a
manifold to its tangent bundle, and it sends a map between manifolds to its lineariza-
tion. Functoriality is tantamount to the chain rule, i.e. the linearization of a composite
is equal to the composite of the linearizations.” [LL22a]
Multicategories generalize categories by allowing morphisms with finitely many do-
main objects (‘inputs’). A multicategory is called symmetric if composition in the
multicategory is equivariant under the symmetric group action on the inputs, i.e. per-
muting the inputs before composition gives the same result as composing first, then
permuting the inputs of the composite morphism. “Symmetric multicategories are also
called colored operads, but we will henceforth just say operads. Objects are thought of
as the input and output types of formal n-ary operations (n ∈ N) which constitute the
morphisms. If a, b, c, d, e ∈ Ob(O) are objects of an operad O and f ∈ Hom(a, b; c),
g ∈ Hom(c, d; e) are morphisms then the composite g◦ ( f , idd) ∈ Hom(a, b, d; e) cor-
responds to the following string diagram:

<latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a
<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

b

<latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c
<latexit sha1_base64="OlQqY3YZLIxt2bgUY/MluCmov9E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyteM8Q==</latexit>

d
<latexit sha1_base64="RmIhIcc96OVgeQ7eZV6aQIOc4wQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJvbLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippX1S9y2qtWavUb/I4inACp3AOHlxBHe6gAS1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzFuM8g==</latexit>e

<latexit sha1_base64="Itw0I6wjGjK726DvHQPIBpcKFcY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUw2m3bpZhN3N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6BmgkvWNNwI1kkVwzgQrB2Mbmd++4kpzRP5YMYp82McSB5xisZK7Yj0HjMM++WKW3XnIKvEy0kFcjT65a9emNAsZtJQgVp3PTc1/gSV4VSwaamXaZYiHeGAdS2VGDPtT+bnTsmZVUISJcqWNGSu/p6YYKz1OA5sZ4xmqJe9mfif181MdO1PuEwzwyRdLIoyQUxCZr+TkCtGjRhbglRxeyuhQ1RIjU2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAEyiM4Ble4c1JnRfn3flYtBacfOYY/sD5/AH1v49W</latexit>

f
<latexit sha1_base64="uSW0H71JUat1zrUvRTNUif2jrkk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz2OM9A==</latexit>g

The objects of the operad Sets are the (small) sets and its morphisms are all n-any
functions between them.” [LL22a]
Functors between operads are defined analogously to functors between categories. The
formal operations of an operad O can be given semantics via a functor F : O → Sets,
known as an algebra over O. This functor assigns to each object (type) a set of elements
of that type, and to each morphism (formal operation) a function that acts on elements
of the corresponding input sets to produce an output in the target set. This function
captures the meaning or implementation of the formal operation. The semantics are
functorial as the assignment of concrete meaning to formal operations is compatible
with composition, which implies that the meaning of a composite operation is deter-
mined by the meanings of its constituents.
“While [Mac98] provides an introduction to category theory for mathematicians, [Spi14]
addresses a general scientific audience and also includes a section on operads and op-
erad algebras. Operads are thoroughly treated in [Lei04] and [Yau16]. Operads of
wiring diagrams are extensively covered in [Yau18].” [LL22a]
“Category theory was first applied in algebraic geometry and topology and now is used
to organize many branches of mathematics (see, e.g., [Mac98]). In recent decades,
category theory has grown beyond pure math to organize scientific and engineering
disciplines, giving birth to applied category theory (see, e.g., [FS19]). The following
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Chapter 1 Introduction

ideas from categorical systems theory (see, e.g., [Mye23]) have inspired our work.

1. The shift of focus from individual systems to how systems relate to each other.

2. An isolated system is a system with empty interface.

3. The description of systems involves syntax and semantics. Syntax consists of
combinatorial data that can be manipulated computationally, while semantics are
given by geometric objects that exist only platonically. An explicit understand-
ing of the translation from syntax to semantics serves as a guide for computer
implementation.

A prominent line of research formalizes graphical languages such as block diagrams
[BE15], Petri nets [BP17], junctions of bond graphs [Coy17], and passive linear circuits
[BF18]. In each case, the graphical syntax is defined as some sort of string diagrams,
using a generators and relations approach.
Another line of research uses the theory of operads to define a graphical syntax that
supports hierarchical (de-)composition (see, e.g., [Bae+20; Fol+21]). Operads orga-
nize formal operations with finitely many inputs (subsystems) and one output (com-
posite system) (see, e.g., [Lei04; Yau16]). As proposed in [LL22a], the EPHS syn-
tax, is based on the operad of undirected wiring diagrams, which initially appeared
in [Spi13], together with a relational semantics used to express database queries, see
also [Spi14; Yau18]. Directed wiring diagrams have been used to formalize nested
systems of Moore machines and ODEs with inputs and outputs [VSL15; SSV19]. A
framework for discrete and continuous dynamical systems with directed and undirected
notions of composition is presented in [Lib+21]. The composition of lossless PHS is
studied from a categorical perspective in [Lyn22].” [LLL25]

1.3 Own publications and contributions

The present thesis combines results from existing publications and preprints, as outlined
in the following subsections.

1.3.1 Exergetic Port-Hamiltonian Systems: Modelling Basics

The conference paper [Bad+18] suggests that the port-Hamiltonian framework can be
linked to the metriplectic or GENERIC formalism by using exergy as the Hamiltonian
function. In our first publication [LKL21], we further explore this idea, leading to
a thermodynamically consistent interpretation of passivity (or dissipativity) in classi-
cal electro-mechanical port-Hamiltonian systems, under the assumption of isothermal
dissipation. Further, it marks the beginning of our development of a thermodynamic
modeling framework: Exergetic port-Hamiltonian systems draw on the rich theory of
metriplectic and GENERIC systems, combining it with the port-Hamiltonian structure,
which is well suited for modeling open and interconnected systems.

10



1.3 Own publications and contributions

The paper explores the connection between port-Hamiltonian systems theory and thermo-
dynamic modeling, employing bond graph notation for illustration. While it laid the
groundwork for subsequent developments, the thesis presents a more comprehensive
and unified framework based on a native graphical syntax. For reasons of exposition
and coherence, the content of the paper is therefore not directly incorporated into the
thesis.

1.3.2 Exergetic Port-Hamiltonian Systems Modeling Language

In the conference paper [LL22a], we set out to develop the idea of a port-Hamiltonian
modeling language for mechanical, electromagnetic, and thermodynamic systems. The
paper shares preliminary insights into the formalization and implementation of exer-
getic port-Hamiltonian systems as a formal language for model specification, following
a modular and hierarchical approach. Most notably, the operad of undirected wiring di-
agrams (see [Spi13]), with an interpretation similar to bond graphs, is proposed as a
graphical syntax suitable for constructing complex systems from simpler subsystems.
Following up on this preliminary work, in our paper [LLL25], we lay out an essentially
complete mathematical framework. An overview follows in Section 2.1. Concerning
examples, the scope of the paper is limited to spatially lumped systems with scalar-
valued port variables.
For the most part, Chapter 2, as well as Section 3.4 and Section 6.1 are based on [LLL25].

1.3.3 Exergetic Port-Hamiltonian Systems for Multibody Dynamics

Going beyond systems with scalar-valued port variables, in our publication [LCL24],
we demonstrate how multibody systems, or more precisely assemblies of rigid bodies
connected by lower kinematic pairs, can be described as exergetic port-Hamiltonian
systems. Building upon previous work in [SB14; Son15], the Lie group of Euclidean
isometries SE(3) is used as a geometric foundation to describe the kinematics and dy-
namics of such systems. In particular, the paper presents models for a generic body
and a generic joint. The latter assumes that the admissible relative configurations of
the bodies that are connected through the joint form a Lie subgroup of SE(3). Based
on the modular and hierarchical approach, multibody systems can be specified in terms
of simpler multibody subsystems, which are ultimately given by interconnected bodies
and joints.
Chapter 4 and the accompanying Appendix A are based on [LCL24].

1.3.4 Energy-based, geometric, and compositional formulation of
fluid and plasma models

Extending beyond spatially lumped systems, the conference paper [LL22b] demon-
strates how a Navier-Stokes-Fourier fluid model on a fixed spatial domain can be speci-
fied using the proposed modeling language. At the top level, the system consists of five
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Chapter 1 Introduction

subsystems modeling kinetic energy storage, internal energy storage, thermal conduc-
tion, bulk viscosity, and shear viscosity.
Building on this preliminary work, our paper [LKL24] provides a more detailed pre-
sentation of these results. Additionally, we introduce two plasma models that reuse the
Navier-Stokes-Fourier model as a subsystem. Throughout, exterior calculus serves as
the geometric foundation for expressing the considered models.
Chapter 5 and the accompanying Appendix B are based on [LKL24].
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Chapter 2

Theoretical framework

2.1 Conceptual overview

This section offers a concise overview of the proposed framework, before the following
sections explore it in greater detail.

2.1.1 Directories

Directories provide a mathematical formalism as well as a practical data structure for
hierarchically organized data. Roughly speaking, directories are nested dictionaries or
key-value stores. Given some set A of possible values, a directory of elements of A is a
tree whose branches have names that belong to a fixed set of symbols, and whose leaves
carry values that are elements of the set A. For instance, a directory of real numbers
may look as follows:

■
├─ oscillator
│  ├─ mass
│  │  └─ p =' 0.0
│  └─ spring
│     └─ q =' 1.0
└─ thermal_capacity
   └─ s =' 16.56

We can then access any subdirectory using its name. For instance, we can use the name
oscillator to refer to the following subdirectory:

■
├─ mass
│  └─ p &' 0.0
└─ spring
   └─ q &' 1.0

Further, we can use the composite name or path thermal_capacity.s to refer to the
following primitive subdirectory:
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■ =# 16.56

Directories can be mathematically understood as a monad, since, for any set A,

• any element of A gives a primitive directory of elements of A (monad unit);
e.g., 16.56 ∈ R gives the above directory of real numbers.

• any directory of directories of elements of A can be uniquely flattened into a
single directory of elements of A (monad multiplication) by grafting the corre-
sponding trees.

2.1.2 Syntax

Expressions in the graphical syntax are called interconnection patterns. These patterns
describe how a finite number of subsystems are interconnected into a single composite
system. At the syntactic level, systems are treated abstractly, i.e. only in terms of their
interfaces.

Interfaces

A system interface is defined as a directory of ports, each characterized by two at-
tributes: the first specifies the physical quantity associated with the port, and the second
is a Boolean indicating whether it is a state or power port. State ports share information
about the state of the corresponding quantity, whereas power ports can also exchange
power through an exchange of the respective quantity. As an example, the following
directory defines an interface with one state port and two power ports:

■
├─ b =% (magnetic_flux, true)
├─ bₛ =% (magnetic_flux, false)
└─ p =% (momentum, true)

The state port bs can share information about a magnetic flux, while the power port b
can additionally exchange magnetic energy through an exchange of magnetic flux. The
power port p can exchange kinetic energy through an exchange of momentum. In the
graphical syntax, we draw an interface as a ‘box’ with ‘wires’ that represent the ports:

b p

bₛ

14
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Dashed lines represent state ports (false) and solid lines represent power ports (true).
The associated quantities are usually omitted in the graphical representation.

Interconnection patterns

kepe pkc
q q p p

p

Figure 2.1: Interconnection pattern of a mechanical oscillator model. Box pe repre-
sents storage of potential energy, while box ke represents storage of kinetic
energy. Box pkc represents the reversible coupling of the potential energy
domain represented by the junction on its left and the kinetic energy domain
represented by the junction on its right. The outer box represents the inter-
face of the composite system. Its port p exposes the kinetic energy domain,
allowing for an external forcing of the oscillator model.

Figure 2.1 shows the graphical representation of an interconnection pattern. As each
subsystem has a name, the subsystem interfaces form a directory of interfaces. This di-
rectory of directories of ports can be flattened into a directory of (inner) ports, while the
interface of the composite system is given by a directory of (outer) ports. All involved
interfaces can be combined into a single directory:

■
├─ inner
│  ├─ ke
│  │  └─ p =' (momentum, true)
│  ├─ pe
│  │  └─ q =' (displacement, true)
│  └─ pkc
│     ├─ p =' (momentum, true)
│     └─ q =' (displacement, true)
└─ outer
   └─ p =' (momentum, true)

The interconnection of the ports at the junctions is then given by a partition of this
directory:{

{inner.pe.q, inner.pkc.q, } , {inner.pkc.p, inner.ke.p, outer.p}
}

The mathematical content of a pattern is thus determined by a directory containing all
involved ports and a partition of this directory. The graphical representation relies on
further data such as the positions of the junctions and inner boxes.

15
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Composition of interconnection patterns

Since the subsystems of a system can themselves be formed from yet simpler subsys-
tems, interconnection patterns can be hierarchically nested. Mathematically, the syntax
can be understood as a directory-multicategory1 with interfaces as objects and inter-
connection patterns as morphisms. To give an example, we consider the pattern shown
in Figure 2.2. Since the outer interface of the pattern in Figure 2.1 matches with the
subsystem interface osc of the pattern in Figure 2.2, the patterns can be composed,
yielding the pattern in Figure 2.3. We note that the two junctions, which represent the
kinetic energy domain in the original patterns, are identified in the composite pattern.
Moreover, the names of the subsystems from the lower-level pattern are prefixed with
the name osc to reflect the hierarchical nesting. In general, the hierarchical nesting of
namespaces also prevents possible name conflicts.

mfosc tc
p p s s

Figure 2.2: Interconnection pattern for a damped oscillator model. Box osc represents
the undamped oscillator model defined based on the pattern in Figure 2.1.
Box mf represents mechanical friction and box tc represents a thermal ca-
pacity that stores the generated heat.

mf

osc.keosc.pe osc.pkc

tc

q q p p

p

s s

Figure 2.3: The flattened interconnection pattern for the damped oscillator model is
obtained by substituting the pattern in Figure 2.1 into the inner box osc of
the pattern in Figure 2.2. The two junctions that represent the shared kinetic
energy domain in each pattern are identified.

1Compared to the classical definition of multicategories (see, e.g., [Lei04]), directory-multicategories use
human-friendly names, rather than positional indices, to refer to the individual domain types (subsystem
interfaces) of a morphism (see [LL25]).
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Functorial semantics

To use a pattern as a means to interconnect systems, its mathematical content has to be
translated into a relation among its associated port variables. Each state port has a state
variable, and each power port additionally has a flow variable and an effort variable.
The state, flow, and effort variables of a power port p are denoted by p.x, p.f, and
p.e, respectively. The relation implied by the pattern is determined by the following
constraints associated to each junction:

1. Equality of state: the state variables of all connected ports are equal.

2. Equality of effort: the effort variables of all connected power ports are equal.

3. Equality of net flow: the sum of the flow variables of all connected inner power
ports is equal to the sum of the flow variables of all connected outer power ports.

For instance, the relation implied by the pattern in Figure 2.1 is determined by the
following constraints:

inner.pe.q.x = inner.pkc.q.x

inner.pe.q.e = inner.pkc.q.e

inner.pe.q.f + inner.pkc.q.x = 0

inner.pkc.p.x = inner.ke.p.x = outer.p.x

inner.pkc.p.e = inner.ke.p.e = outer.p.e

inner.pkc.p.f + inner.ke.p.f = outer.p.f

On a more abstract level, this data is seen as a morphism in a suitable category of
relations. The translation from graphical syntax to relational semantics can then be
understood as a functor. The functor property asserts that the semantics of patterns is
well-behaved in the sense that we can flatten a hierarchy of patterns and then ask for the
relation associated to the composite pattern, or we can ask for the relation associated
to each pattern in the hierarchy and then compose those relations. Either way results in
the same relation.

2.1.3 Primitive systems

Similar to code refactoring in software engineering, models can be hierarchically com-
posed of or decomposed into manageable, reusable parts. In software engineering, the
primitives found at the lowest level are provided by the execution environment, such
as a CPU or a virtual machine. Similarly, the primitive systems found at the lowest
level of a hierarchically defined physical model have a predefined structure. There are
essentially three kinds of primitive systems, also called components.

17
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Storage components

Storage components are primitive systems that represent storage of energy. A storage
component is defined by its interface and an energy storage function. For instance,
box ke in Figure 2.1 is filled by a storage component that models the kinetic energy
of the oscillator. Its interface has a single port named p with state variable p := p.x,
and its energy function E(p) = 1

2m p2 yields the kinetic energy of the moving mass m.
Each flow variable is given by the time derivative of the corresponding state variable,
i.e. p.f = ṗ, and each effort variable is given by the derivative of the energy function
with respect to the corresponding state variable, i.e. p.e = ∂E/∂ p. Thus, the rate of
stored energy is given by the pairing of the effort and flow variables, i.e. Ė = p.e ·p.f.
In Section 2.6, we will see that the energy function induces an exergy function, which
differs from the energy function in case the component stores internal energy. In fact,
the effort variables are given by the derivative of the exergy function with respect to
the corresponding state variables and the pairing of the effort and flow variables hence
yields the exergetic power. Based on this, it is possible to combine reversible and
irreversible dynamics in a thermodynamically consistent manner.
So-called environment components are essentially a special case of storage compo-
nents, characterized by a trivial energy and exergy function. They are primarily used
to model the ‘disposal of waste heat’ when the thermal dynamics are not considered
significant.

Reversible components

Reversible components describe reversible dynamics or transformations. They may
also impose algebraic constraints. A reversible component is defined by its interface
and a power-preserving relation among the associated port variables, called a Dirac
structure. For instance, box pkc in Figure 2.1 is filled by a reversible component. Its
interface has two ports named q (displacement, potential energy) and p (momentum,
kinetic energy). Its Dirac structure describes the reversible coupling of the potential
and the kinetic energy domain, and it is determined by the following equation:[

q.f
p.f

]
=

[
0 −1
+1 0

] [
q.e
p.e

]
Due to the skew-symmetry of the matrix, the net (exergetic) power is zero.
In Sections 2.6.3 and 2.8, we will see that the Dirac structure defining a reversible com-
ponent has to satisfy additional properties, which ensure thermodynamic consistency.

Irreversible components

Irreversible components model irreversible processes. An irreversible component is de-
fined by its interface and a certain type of relation among the associated port variables,
called an Onsager structure. For instance, box mf in Figure 2.2 is filled by an irre-
versible component. Its interface has two ports named p (momentum, kinetic energy)
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and s (entropy, internal energy). Its Onsager structure models mechanical friction and
is determined by the following equation:[

p.f
s.f

]
=

1
θ0

d
[

θ υ

−υ
υ2

θ

] [
p.e
s.e

]
=

[
d υ

− d υ2

θ

]
Here, υ = p.e is the velocity and θ = θ0 + s.e is the absolute temperature at which
kinetic energy is dissipated into the thermal energy domain. The constant θ0 comes
from the definition of the exergy function. Due to the non-negative definiteness of
the matrix, the net exergetic power is non-negative, as required by the second law of
thermodynamics.
In Sections 2.6.4 and 2.8, we will see how the structural properties of an Onsager struc-
ture ensure thermodynamic consistency.

2.1.4 Composite systems

A composite system is defined by an interconnection pattern whose inner boxes are
filled with concrete systems. This includes other composite systems, resulting in hi-
erarchically defined models. As detailed in Section 2.7, the relation that defines the
semantics of a composite system is simply obtained by composing the relation implied
by its underlying pattern with the relations that define the semantics of its subsystems.
Section 2.8 argues that forming composite systems preserves thermodynamic consis-
tency.

2.2 Directories

We first define namespaces as a means to name hierarchically-organized entities. In a
second step, we define directories as namespaces with associated data.

2.2.1 Namespaces

Definition 2.2.1.
“A string is a non-empty list of characters and a name is a list of strings. △

We write names using a monospace font and with strings separated by dots. For in-
stance, the name consisting of the list of strings “oscillator”, “spring”, “q” is written
as oscillator.spring.q. Further, we use [] to denote the empty name, i.e. the empty
list of strings. Given two names n and n′, we denote their concatenation by n∗n′. For
example, a.b∗c= a.b.c.

Definition 2.2.2.
Given two names p and n, we say that p is a prefix of n and write p ≤ n if there exists
any name s such that n = p∗ s. In case s ̸= [], we say that p is a strict prefix of n and
write p < n. △
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Example 2.2.3.
It holds that a.b< a.b.c and a.b≤ a.b. Also, []< a. It does not hold that a.a≤ a. ⋄

Definition 2.2.4.
A set of names N is prefix-free if for all n,n′ ∈ N, n is not a strict prefix of n′. A
namespace is a finite, prefix-free set of names. Let Namespace refer to the set of all
namespaces. △

Example 2.2.5.
The set of names {a, b} is a namespace and so is {a.a, a.b}. Since a< a.b, the set of
names {a, a.b} is not prefix-free and hence not a namespace. ⋄

Sets of names are equivalent to prefix trees, called tries in computer science [Fre60].

Example 2.2.6.
The namespace {a.b.b, a.b.c, b.a, b.y, c} corresponds to the following trie:

a

b c

b

b

a y

c
⋄

Note that for a namespace N, the leaf nodes of its trie correspond to the names in N,
while for a set of names that is not prefix-free, at least one name corresponds to an
internal node. In the following, we think of namespaces both as sets of names and as
tries.
Given several namespaces, we could take their union as sets. However, this runs the
risk of name conflicts, as it is possible for a given name in the union to have come from
either of the original sets. It is for this reason that we introduce the concept of a named
sum, which can be thought of as a practical implementation of disjoint union.

Definition 2.2.7.
Given a namespace N, and a function f : N → Namespace, the named sum of f is

∑ f =
{

n∗a | n ∈ N, a ∈ f (n)
}
. △

We also sometimes write expressions like ∑ [a 7→ I1, b 7→ I2], which refers to the named
sum of the anonymous function defined by

x 7→

{
I1 if x = a

I2 if x = b .
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Example 2.2.8.
Given N = {p, q}, we have

∑ [l 7→ N, r 7→ N] =
{
l.p, l.q, r.p, r.q

}
. ⋄

Proposition 2.2.9.
Given a namespace N and a function f : N →Namespace, the named sum ∑ f is again
a namespace, that is to say, it is prefix-free. △

Proof. The trie ∑ f is simply the trie N with, for each leaf node n ∈ N, the trie f (n)
grafted onto it.

As shown next, we can use namespaces and named sums to develop a simple and ef-
fective formalism for working with hierarchically structured data.” [LLL25]

2.2.2 Directories

“The interface of a system is given by a namespace, where each name refers to a port.
However, this is not all, as each port has two associated attributes. This motivates the
definition of directories:

Definition 2.2.10.
Given a set A (of possible attributes), we define

Dtry(A) =
{
(N, τ) | N ∈ Namespace, τ : N → A

}
.

An element (N, τ) ∈Dtry(A) is called a directory of elements of A. We also just write
τ ∈Dtry(A) with N = dom(τ). △

The name ‘directory’ points to the similarity with hierarchical file systems, where com-
plete paths (names) are associated to file contents (attributes).
A directory (N, τ) ∈ Dtry(A) can be seen as a trie N, where each leaf node n ∈ N has
an associated attribute τ(n) ∈ A. Hence, the concept of named sum carries over from
Namespace to Dtry(A), for any fixed set A. Named sum can then be seen as a flattening
operation, analogous to flattening a list of lists. Specifically, for the set of all lists of
elements of A

List(A) =
{
(n, f ) | n ∈ N, f : {1, . . . , n}→ A

}
,

flattening is a map List(List(A))→ List(A), which for instance sends [[1, 2], [3, 4]] to
[1, 2, 3, 4]. Similarly, named sum is a map Dtry(Dtry(A)) to Dtry(A). An input to
this is a trie N, which has associated to each leaf node n ∈ N another trie Nn, whose
leaves carry elements of A. The named sum operation then simply grafts onto each
node n ∈ N its associated trie Nn, carrying along the elements of A at the leaves. In
terms of category theory, the flattening operation, together with a unit operation, makes
List and Dtry examples of monads.” [LLL25]
For a category-theoretic definition of directories and directory-multicategories, we refer
to [LL25].
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2.3 Interfaces

System interfaces are typed by physical quantities, which have an underlying space in
which the quantity takes values. This is required to prevent meaningless connections
and to define the semantics of interfaces and interconnection patterns.

2.3.1 Bundle of quantities

“The first attribute associated to a port represents the physical quantity that can be
exchanged via the port, e.g., momentum or entropy, along with a state space in which
values of the quantity live. For instance a momentum variable can take values in R if
motion along a single axis is considered, or it can take values in the vector space se∗(3)
if rigid body motions in 3-dimensional Euclidean space are considered, etc.

Definition 2.3.1.
Let S be a finite set of state spaces (i.e. smooth manifolds) and for each space X ∈ S,
let QX be a finite set of physical quantities taking values in X . Further, let Q be the
disjoint union of all quantities, i.e.

Q =
⊔

X ∈S
QX .

This forms a bundle of quantities (in the category of finite sets), whose projection

space : Q ↠ S

returns the underlying space of a quantity. △

Example 2.3.2.
The bundle of quantities given by

S = {R, SE(3), se∗(3)}
QR = {displacement, momentum, entropy, volume}

QSE(3) = {pose}

Qse∗(3) = {momentum},

would be sufficient to define the ports of some spatially-lumped models from mechan-
ics and thermodynamics. A port with associated quantity q = (R, entropy) ∈ Q can
exchange entropy and its associated state space is space(q) = R ∈ S. ⋄

We note that (R, energy) /∈ Q, because in the context of EPHS, internal energy is a
function of the state variable entropy, and not vice versa, see also [LKL21].
To distinguish reversible and irreversible dynamics later on in Sections 2.6.3 and 2.6.4,
we make use of the concept of parity, see [PKG14; LKL21] for details.
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Definition 2.3.3.
The parity of each quantity with respect to time-reversal transformation is given by a
function P: Q →{−1,+1}. △

Example 2.3.4.
For the bundle of quantities from Example 2.3.2, we have

P(R, displacement) = +1

P(R, momentum) =−1

P(R, entropy) = +1

P(R, volume) = +1

because displacement, entropy, and volume do not change instantaneously when a
recording is suddenly played backwards (positive parity), whereas momentum changes
its sign (negative parity). ⋄
A comprehensive collection of physical quantities with their associated parities would
be part of a software implementation.” [LLL25]

2.3.2 Interfaces as directories

“Each port has two attributes: the previously discussed quantity, and a Boolean attribute
that indicates whether the port is a power port or a state port. Indeed, only power ports
allow for an exchange of energy, based on an exchange of the respective quantity. State
ports are required whenever the behavior of one system depends on the state of another
system, although no energy is exchanged between the two.

Definition 2.3.5.
An interface is a directory of elements of Q×{p,s}, i.e. let

Interface = Dtry
(
Q×{p,s}

)
.

Here, element p stands for power port and s stands for state port. △

Example 2.3.6.
Let I = (N, τ) be an interface with namespace N = {p1, p2, q} and attributes given by
τ(p1) = τ(p2) = ((R, momentum), p) and τ(q) = ((R, displacement), s). Ports p1
and p2 are power ports that can exchange kinetic energy by exchanging momentum,
along with information about the current amount of momentum. Port q is a state port
that can only exchange information about the current displacement.” [LLL25] ⋄

2.3.3 Bundles of port variables

“A state port has one port variable called state. A power port has two additional port
variables called flow and effort. Given an interface, the port variables of all its ports
combined take values in a vector bundle, called the bundle of port variables associated
to the interface.
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Definition 2.3.7.
Let I = (N, τ) be an interface and let p ∈ I be a port, i.e. p ∈ N.
The state space associated to port p is

Xp = (space◦pr1 ◦ τ)(p) ,

where pr1 projects onto the first attribute, i.e. the quantity.
The state space associated to interface I is given, up to isomorphism, by the Cartesian
product

XI = ∏
p∈ I

Xp .

To define XI strictly, we can ensure that the factors of the Cartesian product have the
lexicographic order of the names in I. △

Example 2.3.8.
Let Igas =(Ngas, τgas) be an interface with namespace Ngas = {s, v} and attributes given
by τgas(s) = ((R, entropy), p), τgas(v) = ((R, volume), p). Then, its associated state
space is XIgas = Xs ×Xv = R×R. Let Imass = (Nmass, τmass) be another interface
with Nmass = {p} and τmass(p) = ((R, momentum), p). Then, the named sum

I = (N, τ) = ∑[gas 7→ Igas, mass 7→ Imass]

has the namespace N = {gas.s, gas.v, mass.p} with attributes given by τ(gas.s) =
((R, entropy), p), τ(gas.v) = ((R, volume), p), τ(mass.p)) = ((R, momentum), p).
We note that

XI = XIgas ×XImass . ⋄

Given any interface I, each port p ∈ I has an associated state variable p.x ∈ Xp. If p
is a power port, it additionally has a flow variable p.f and an effort variable p.e. All
port variables implicitly depend on time. As detailed in Section 2.6.1, the flow variable
is the instantaneous rate of change of the state variable and the effort variable is the
differential of a function of the state variable. Hence, we have (p.x, p.f, p.e) ∈ TXp,
where TXp = TXp⊕T∗Xp denotes the direct sum (or Whitney sum) of the respective
tangent and cotangent bundles (see, e.g., [Lee12]). The flow and effort variables are
called power variables because their duality pairing ⟨p.e | p.f⟩ yields the instantaneous
power that is exchanged through port p.
Now we can formally define the bundle of port variables associated to an interface:

Definition 2.3.9.
Let I be an interface. Based on the Boolean attribute of its ports, we can think of its
associated state space XI as the Cartesian product XI,p×XI,s, where XI,p is the state
space of all power ports and XI,s is the state space of all state ports. Accordingly,
we let x = (xp, xs)∈XI,p×XI,s denote all state variables, and we let ( f , e)∈TxpXI,p
denote the flow and effort variables. The bundle of port variables prI : PI ↠ XI

24



2.4 Syntax

associated to interface I is defined, up to isomorphism, as the pullback bundle of TXI,p
along the projection prp : XI,p ×XI,s ↠ XI,p. Hence, PI ∼= TXI,p ×XI,s.

TXI,p
∋ (xp, f , e)

PI
∋ (x, f , e)

XI,p
∋ xp

XI
∋ x

XI,s
∋ xs

prp prs

prI

⌟

Again, to define the bundle of port variables strictly, we assume that the elements of I
are in lexicographic order and that the port variables are written in the same order as
the ports. △

Example 2.3.10.
Consider again the interface from Example 2.3.6. Its bundle of port variables PI ↠XI
has the total space (or port space)

PI = TR×TR×R ∋
(
(p1.x, p1.f, p1.e), (p2.x, p2.f, p2.e), q.x

)
and the base space (or state space)

XI = R×R×R ∋ (p1.x, p2.x, q.x) .” [LLL25] ⋄

2.4 Syntax

“As introduced in Section 1.1.2, an interconnection pattern expresses how a composite
system is formed from a finite number of subsystems. Syntax refers to the entirety of
such expressions and their composition, i.e. their hierarchical nesting.” [LLL25]

2.4.1 Interconnection patterns

“Figure 2.4 shows an interconnection pattern. The mathematical content of such a
diagram is captured by the following definition.

Definition 2.4.1.
An interconnection pattern (β , I, J) is defined by the following data:

1. A directory of interfaces β ∈ Dtry(Interface). Names in dom(β ) refer to inner
boxes, ∑β is called inner interface and names in dom(∑β ) refer to inner ports.

2. An interface I called outer interface, whose ports are called outer ports.

3. A partition J of the combined interface P = ∑ [inner 7→ ∑β , outer 7→ I] such
that each subset or junction j ∈ J contains
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• at least one inner port,

• at most one outer port,

• and all ports in j have the same associated quantity. △

To prevent name conflicts, the definition distinguishes inner ports and outer ports with
the prefixes inner and outer. While preventing name conflicts is crucial for imple-
mentation of the modeling language, we omit these prefixes for conciseness in what
follows.
We graphically depict interconnection patterns as follows. Each element b ∈ dom(β ) is
the name of an inner box, which we draw as a circle. The ports of its interface β (b) are
drawn as lines emanating from the box. The ports of the outer interface I are drawn as
lines to the surrounding outer box. Each subset j ∈ J corresponds to a junction drawn
as a black dot. The elements of j ⊆ P are precisely the connected ports. To avoid
confusion, we recall that the identifier isothermal_osc written on the top left of the
outer box refers to the entire pattern (akin to a function name in programming), rather
than just to the outer box (which similar to the return value of a function does not need
a name).
The pattern from Figure 2.4 is redrawn in Figure 2.5, firstly to emphasize that the
color of the inner boxes is merely an annotation hinting at the nature of the considered
subsystems and secondly to introduce an abbreviated way of writing port names.

spring pkc mass

damping env

ppqq

p

s s

p
isothermal_osc

Figure 2.4: “Interconnection pattern of an isothermal oscillator model. Box pkc rep-
resents the reversible coupling of the potential energy domain represented
by the junction on its left and the kinetic energy domain represented by the
junction on its right. Box env represents the isothermal environment, which
absorbs the heat that is generated by the damping. The outer box represents
the interface of the composite system. Its port p exposes the kinetic energy
domain, allowing for an external forcing of the oscillator model.” [LLL25]
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spring pkc mass

damping env

pq

s

isothermal_osc

Figure 2.5: “Interconnection pattern of an isothermal oscillator model. Whenever all
ports connected to a certain junction have the same name, we write the
name only once at the junction.” [LLL25]

Example 2.4.2.
For the pattern (β , I, J) depicted in Figure 2.5, the namespace of inner boxes is

dom(β ) = {damping, env, mass, pkc, spring} .

The function β : dom(β )→ Interface is given by

damping 7→ ({p, s}, τdamping)

env 7→ ({s}, τenv)

mass 7→ ({p}, τmass)

pkc 7→ ({p, q}, τpkc)

spring 7→ ({q}, τspring)

with τdamping(p) = ((R, momentum), p), etc. Hence, the namespace of the inner inter-
face ∑β is

dom(∑β ) = {damping.p, damping.s, env.s, mass.p, pkc.p, pkc.q, spring.q} .

The namespace of the outer interface I is {p}. The partition J is given by{
{damping.p, mass.p, pkc.p, p}, {pkc.q, spring.q}, {damping.s, env.s}

}
. ⋄

We may also denote an interconnection pattern using the condensed notation

∑ [I1 7→ I1, . . . , In 7→ In] J I.

In this we implicitly let dom(β ) = {I1, . . . , In} and β (Ii) = Ii. The left arrow is a
surjection because each junction has at least one connected inner port and the right
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arrow is an injection because each junction has at most one connected outer port. Inter-
connection patterns are a special case of undirected wiring diagrams [Spi13], which do
not have the injectivity and surjectivity conditions.
Multiports are just multiple ports with a common prefix. As demonstrated in Figure 1.2,
this enables a syntactic sugar for expressing parallel connections in a tidy and efficient
manner. We defer the details to later, as the examples considered here make no use of
this.” [LLL25]

2.4.2 Composition of interconnection patterns

“Whenever the outer interface of one pattern and the interface corresponding to an
inner box of another pattern are equal (up to a given renaming of the ports), the former
pattern can be substituted into the latter, with no further data required. This is called
composition. Having a compositional syntax facilitates dealing with complex systems,
as it enables the encapsulation of subsystems. These can be easily reused and replaced,
as long as interfaces match. As an example, the isothermal oscillator model can be
refined into a nonisothermal oscillator model based on the damper model in Figure 2.6.

mf

tc

ht

p

s

s

s

s₁

s₂

nonisothermal_damper

Figure 2.6: “Interconnection pattern of a nonisothermal damper model. Box mf rep-
resents a mechanical friction model connected to the kinetic energy do-
main represented by the outer port p. Box tc represents a thermal capacity,
which stores the heat generated by friction. Box ht represents a heat trans-
fer model, which allows the thermal capacity to reach equilibrium with the
thermal energy domain represented by the outer port s.” [LLL25]

Substituting the pattern in Figure 2.6 into the pattern in Figure 2.5, yields the pattern
in Figure 2.7. Graphically, the former pattern is inserted into the inner box called
damping of the latter pattern. The common interface is deleted and for each of its
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spring pkc mass

damping.
mf

damping.
tc

damping.
ht env

pq

s

s

s

s₁

s₂

nonisothermal_osc

Figure 2.7: “Interconnection pattern of a nonisothermal oscillator model. Except for
the graphical layout, the pattern is uniquely defined as the composite of the
patterns in Figures 2.5 and 2.6.” [LLL25]

ports, the two assigned junctions (one in each pattern) are identified. The named sum
for interfaces is used to obtain the inner interface of the composed pattern.
Category theory provides a language to talk about composition, and it includes well-
behavedness conditions, which ensure that composition works in the way we expect,
just as we need not worry about the difference between (1+2)+3 and 1+(2+3). A
future paper shall formalize the composition of interconnection patterns based on direc-
tories and multicategories/operads. To limit the scope of this article, we just mention
that it is not difficult to see why the procedure for composition outlined in the previous
paragraph preserves the three conditions in Definition 2.4.1.” [LLL25]

2.4.3 Semantics of interconnection patterns

“In Section 2.3.3 we have defined bundles of port variables associated to interfaces.
In Section 2.4.1 we have defined interconnection patterns, which have an inner interface
(containing all ports of the subsystems) and an outer interface (containing the ports of
the composite system). We now discuss how to interpret an interconnection pattern
as imposing a relation between the port variables of its inner interface and the port
variables of its outer interface. We do this in two parts. In the first part, we talk about
the relation as a collection of equations, and we discuss its physical interpretation. In
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the second part, we reify it as a geometric object, namely as a relation between bundles
of port variables.” [LLL25]

Interconnection patterns as equations

“The semantics of an interconnection pattern (β , I, J) can be seen as a collection of
equations. Specifically, for each junction j ∈ J, we have the following.
Let jp ⊆ j be the subset of connected power ports.

• Equality of state. For all ports p, p′ ∈ j,

p.x = p′.x

• Equality of effort. For all power ports p, p′ ∈ jp,

p.e = p′.e

• Equality of net flow.
∑

p∈ jp∩∑β

p.f = ∑
p∈ jp∩I

p.f

We note that the sum on the left-hand side has at least one term (surjectivity condition)
and the sum on the right-hand side has at most one term (injectivity condition).
As detailed in Section 2.7, combining these equations with equations that determine the
semantics of the subsystems filling the inner boxes yields a collection of equations that
determines the semantics of the resulting composite system.
Since all ports connected to a junction have the same quantity, their associated state
variables take values in the same space, making equality of state a well-typed equation.
As a consequence of this, all effort variables take values in the same fiber of the same
cotangent bundle, making equality of effort also well-typed. Similarly, all flow vari-
ables take values in the same fiber of the same tangent bundle, making equality of net
flow well-typed.
Equality of state is required, since the behavior of one system may in general depend
on the state of another system, even if the two systems do not exchange energy. We
refer to Figure 2.8 and Section 3.4 for an example of this.
As a consequence of equality of effort and equality of net flow, at every junction j ∈ J
the following power balance equation is satisfied:

∑
p∈ jp∩∑β

⟨p.e | p.f⟩ = ∑
p∈ jp∩I

⟨p.e | p.f⟩

Summing over all junctions on both sides gives that the net power supplied to all sub-
systems is equal to the net power supplied to the composite system.
Junctions correspond to energy domains, as do (outer) ports, since they expose energy
domains. Whenever two ports are connected to the same junction the respective en-
ergy domains are identified. This is exactly how interconnection patterns compose.
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Interconnection means that systems share energy domains. The state of a shared en-
ergy domain is given by the shared state variable, according to the equality of state.
The connected systems may exchange the respective physical quantity according to the
equality of net flow. Moreover, based on the equality of effort, this exchange implies a
transfer of (exergetic) power.

Example 2.4.3.
Let’s again consider the pattern in Figure 2.7. At the junction which represents the
kinetic energy domain, the momentum variable (state) is shared, and forces (flows)
balance at equal velocity (effort):

pkc.p.x = mf.p.x = mass.p.x = p.x

pkc.p.f + mf.p.f + mass.p.f = p.f

pkc.p.e = mf.p.e = mass.p.e = p.e

⋄

Table 2.1 summarizes the physical interpretation of junctions representing a number of
different energy domains.

energy domain state variable flows balance at equal efforts

kinetic momentum forces balance at equal velocity
magnetic flux linkage voltages balance at equal current
potential displacement velocities balance at equal force
hydraulic volume volume rates balance at equal pressure
electric charge currents balance at equal voltage
thermal entropy entropy rates balance at equal temperature

Table 2.1: “Physical interpretation of junctions as energy domains.” [LLL25]

We can now make sense of the surjectivity and injectivity conditions distinguishing
interconnection patterns form undirected wiring diagrams. The surjectivity condition
says that each junction must have at least one connected inner port. In other words,
an energy domain can only belong to a composite system if it belongs to at least one
subsystem. The injectivity condition says that each junction may have at most one
connected outer port. In other words, an energy domain can be exposed at most once.
Exposing an energy domain twice and identifying it again at a higher level by connect-
ing the two respective ports would lead to undefined flow variables.” [LLL25]

Interconnection patterns as relations

“Recall that a relation R : A ↛ B between two sets A and B is given by a subset of
their Cartesian product, i.e. R ⊆ A×B. We use the same symbol, here R, to denote the
relation and the subobject that defines it. The arrow symbol ↛ signifies that relations
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have no inherent direction, however the formal direction is relevant to denote their
composition, and hence to think about relations as forming a category.
Analogous to the prototypical example of a relation between two sets, the relation as-
signed to an interconnection pattern is defined by a vector subbundle of the Cartesian
product of the bundle of port variables associated to the inner interface and the bundle
of port variables associated to the outer interface.

Definition 2.4.4.
Let P = (β , I, J) be an interconnection pattern and let Iin = ∑β denote its inner inter-
face. Further, let PIin ↠ XIin be the bundle of port variables associated to the inner
interface, and let PI ↠ XI be the bundle of port variables associated to the outer
interface. Based on the partition J, let PP ⊂ PIin ×PI be the subspace where equal-
ity of state, equality of effort, and equality of net flow are satisfied. Similarly, let
XP ⊂ XIi ×XI be the subspace where equality of state is satisfied. Then, the seman-
tics assigned to interconnection pattern P is the relation PP : PIin ↛ PI between
the port variables of the inner interface and the port variables of the outer interface that
is defined by the vector subbundle PP ↠ XP. △

shunt_motor

stator

rotor

bₛq

p

Figure 2.8: “Interconnection pattern of the DC shunt motor model discussed in Sec-
tion 3.4. The stator and rotor are connected to a common electric energy
domain that is exposed via the outer port q. The kinetic energy domain of
the rotor is exposed via the outer port p. The conversion between electric
and kinetic energy in the rotor depends on the magnetic energy domain of
the stator, which is represented by the junction with two connected state
ports named bs.” [LLL25]
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Example 2.4.5.
Consider the interconnection pattern P = (β , I, J) depicted in Figure 2.8 with names of
inner boxes given by dom(β ) = {rotor, stator} and interfaces given by

β (rotor) = ({bs, p, q}, τr)

β (stator) = ({bs, q}, τs)

I = ({p, q}, τ) ,

where
τr(bs) = τs(bs) = ((R, flux_linkage), s)

τr(p) = τ(p) = ((R, angular_momentum), p)

τr(q) = τs(q) = τ(q) = ((R, charge), p) .
Further, the interconnection is determined by

J =
{
{rotor.bs, stator.bs}, {rotor.p, p}, {rotor.q, stator.q, q}

}
.

The port space of the inner interface Iin = ∑β is

PIin =R×TR×TR×R×TR
∋
(
rotor.bs.x, (rotor.p.x, rotor.p.f, rotor.p.e),

(rotor.q.x, rotor.q.f, rotor.q.e),

stator.bs.x, (stator.q.x, stator.q.f, stator.q.e)
)

and the port space of the outer interface I is

PI = TR×TR ∋
(
(p.x, p.f, p.e), (q.x, q.f, q.e)

)
.

Finally, the subspace PP ⊂ PIin ×PI defining the relation is

PP =
{(
rotor.bs.x , (rotor.p.x, rotor.p.f, rotor.p.e) ,

(rotor.q.x, rotor.q.f, rotor.q.e) ,

stator.bs.x , (stator.q.x, stator.q.f, stator.q.e) ,

(p.x, p.f, p.e) , (q.x, q.f, q.e)
)
∈ PIi ×PI |

rotor.bs.x= stator.bs.x ,

rotor.p.x= p.x ,

rotor.p.f= p.f ,

rotor.p.e= p.e ,

rotor.q.x= stator.q.x= q.x ,

rotor.q.f+stator.q.f= q.f ,

rotor.q.e= stator.q.e= q.e
}
.

⋄

33



Chapter 2 Theoretical framework

Given a hierarchy of interconnection patterns, we can first compose the patterns and
then determine the relation assigned to the composed pattern. Alternatively, we can
first determine the relation assigned to each individual pattern and then compose these
relations. Both ways lead to the same result. The combinatorial syntax and its relational
semantics hence compose in compatible ways. In the language of category theory, we
say that the (assignment of) semantics is functorial. A future paper shall use directories
and the theory of multicategories/operads to demonstrate that Definition 2.4.4 indeed
defines a suitable notion of functor.” [LLL25] The groundwork for this has been laid
in [LL25]: The paper formally introduces directories and directory-multicategories,
which can be seen as algebras over the directory monad. Based on this, future work can
formally describe the translation from combinatorial syntax to relational semantics in a
way that closely mirrors a computer implementation.

2.5 Exergy reference environment

“Every system is ultimately determined by a power-preserving interconnection of prim-
itive subsystems, called components. These represent elementary physical behaviors,
namely storage, and reversible as well as irreversible exchange of energy. To achieve
a thermodynamically consistent combination of reversible and irreversible dynamics,
components are defined with respect to an exergy reference environment. Before com-
ponents can be defined in the next section, in this section we define the reference envi-
ronment. We start with its physical interpretation.” [LLL25]

2.5.1 Intuition

“As briefly discussed in Section 1.2.1, thermodynamic models have an irreversible dy-
namics, since not all physically-relevant degrees of freedom are determined by the state
variables. According to the first and second law of thermodynamics, internal energy,
which is given by an ‘imprecise’ phenomenological description, cannot be fully con-
verted into mechanical or electromagnetic energy, which is ‘precise’, in the sense that
all relevant degrees of freedom are fully determined by the state variables.
The irreversible degradation of ‘mechanically precise’ forms of energy into ‘thermo-
dynamically imprecise’ forms of energy can be quantified using the concept of exergy.
A hypothetical conversion device, whose mode of operation is only restricted by the
first and second law of thermodynamics is used to determine how much mechanical
(or electromagnetic) energy can be extracted from a system, before it reaches thermo-
dynamic equilibrium with a reference environment, see Figure 2.9. The environment is
defined by intensive variables, such as temperature and pressure, which are constant in
time and space.
The ideal conversion device is not restricted to interacting with the system through its
interface. Instead, the device operates in a counterfactual where all energy domains of
both the system and the environment can be accessed. The exergy content of a compos-
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combined	system

reference	environment

system	of	interest

ideal	
conversion	
device

work

Figure 2.9: “To assess the exergy content of a system, it is combined with a reference
environment. The exergy content is then defined as the maximum amount
of work that can be extracted from the combined system via a hypothetical
conversion device that operates completely reversibly.” [LLL25]

ite system is hence obtained by (recursively) summing the exergy stored in each of its
storage components. The exergy content of a component storing purely mechanical or
electromagnetic forms of energy is simply equal to its energy content. For components
storing internal energy, the exergy content is assessed based on the ideal conversion
device and the reference environment. A concrete statement of this follows in Exam-
ple 2.6.3, after the definition of the exergy storage function in Definition 2.6.2.
For more information about exergy, its history, and its links to port-Hamiltonian as well
as metriplectic or GENERIC systems, we refer to [LKL21].” [LLL25]

2.5.2 Reference environment

“The internal energy of a thermodynamic system is a function of its entropy, and pos-
sibly further extensive quantities such as volume and mass of chemical species. To
assess the exergy content of the system, we need for each such variable an energy-
conjugate intensive variable attributed to the reference environment. Since these in-
tensive variables are constant, they determine the equilibrium state of the combined
system, see Figure 2.9.

Definition 2.5.1.
A reference environment (IR, λR) is defined by an interface IR = (NR, τR) whose ports
are all power ports and have a unique extensive quantity in QR. One port must have the
quantity (R, entropy). Moreover, each port p ∈ IR has an associated value λR(p)∈R∗

of the energy-conjugate intensive quantity. △

Uniqueness of quantities, i.e. injectivity of τR : NR → QR×{p}, is required to deter-
mine the exergy storage function of a system from its energy storage function. Re-
garding the physical interpretation, each port corresponds to an energy domain that is
present in the environment. Allowing multiple energy domains of the same kind would
conflict with the environment always being in equilibrium with itself.

Example 2.5.2.
The minimal definition of a reference environment represents an isothermal heat bath.
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This amounts to an interface with a single entropy port and an associated reference
temperature, henceforth denoted by θ0:

NR = {s}
τR(s) = ((R, entropy), p)
λR(s) = θ0 .

To determine the exergy content of pressurized fluids with respect to an isobaric atmo-
sphere, the definition of the environment is extended to NR = {s, v} with

τR(v) = ((R, volume), p)
λR(v) = −π0 .

The minus sign in front of the reference pressure π0 stems from the fact that more vol-
ume means less energy. To model, e.g., a mass diffusion process, a port m representing
the mass of a chemical species with a constant chemical potential µ0 can be included,
i.e. let NR = {m, s, v} with

τR(m) = ((R, mass), p)
λR(m) = µ0 .

⋄

A software implementation should include a comprehensive definition of a reference
environment. Allowing the user to change the values of the intensive quantities would
be of interest for exergy analysis and thermodynamic optimization.” [LLL25]

2.6 Primitive systems

“At the lowest level, any hierarchically structured model is defined by primitive sys-
tems, called components. There are four kinds of them:

• Storage components represent energy storage.

• Reversible components can represent reversible energy exchange, transforma-
tions between different forms of describing energy domains, or algebraic con-
straints.

• Irreversible components represent irreversible energy exchange.

• Environment components may be used to model energy exchange with the ref-
erence environment.

Components are in general defined with respect to a reference environment (IR, λR).
Further, every component has an interface I = (N, τ) with port variables (x, f , e)∈PI .
To define the exergy storage function of storage components and to state conditions that
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reversible and irreversible components have to satisfy, we define the following notation:
For any port p ∈ I, let

λ (p) =

{
λR(pR) ∃ pR ∈ IR : τR(pR) = τ(p)
0 ∈ T∗Xp else.

With regard to the existential quantifier, this is well-defined due to the injectivity of τR.
For instance, if p represents a thermal energy domain then λ (p) = θ0, whereas if p
represents a kinetic energy domain then λ (p) = 0, since the environment does not have
a kinetic energy domain. We extend the above notation to an entire interface: Given for
example N = {p1, . . . , pn}, let

λ (I) =
(
λ (p1), . . . , λ (pn)

)
.

We also need a similar notation that references a specific environment port: For any
port p ∈ I and pR ∈ IR, let

λ (p, pR) =

{
λR(pR) τR(pR) = τ(p)
0 ∈ T∗Xp else.

Again, given for example N = {p1, . . . , pn}, let

λ (I, pR) =
(
λ (p1, pR), . . . , λ (pn, pR)

)
.” [LLL25]

2.6.1 Storage components

“Storage components are primitive systems that represent energy storage. Examples
include elastic springs, movable masses, capacitors, inductors, and thermal capacities.

Definition 2.6.1.
A storage component (I, E) is defined by an interface I containing only power ports
and an energy storage function E : XI → R. △

The function E yields the stored energy for any state x ∈ XI . Based on the reference
environment IR, the exergy content is determined as follows.

Definition 2.6.2.
Let (I, E) be a storage component. Its exergy storage function H : XI →R is defined
by

H(x) = E(x)− ∑
p∈ I

∑
pR ∈ IR

τR(pR)=τ(p)

⟨λR(pR) | p.x⟩ . △
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The exergy function H follows directly from the energy function E by subtracting the
pairing between each state variable representing an extensive quantity also present in
the environment, and the constant energy-conjugate quantity from the environment. We
come back to this in Example 2.6.3.
By definition, the total exergy of a (composite) system is zero when it reaches equi-
librium in itself and with the environment. However, the equilibrium state of the con-
sidered composite system is usually unknown when defining a (reusable) component.
Regarding the dynamics, this is irrelevant, as it depends only on the differential dH. In
case it would matter for thermodynamic analysis, the contribution of the component to
the total exergy is given by H(x)−H(x0), where x0 is the state of the component when
the considered composite system reached equilibrium.
The effort variables are given by the differential of the exergy function evaluated at the
current state x ∈ XI , i.e.

∀ p ∈ I : p.e =
∂H

∂ (p.x)

∣∣∣∣
x
.

The evolution of the state variables is obtained by integrating the flow variables, i.e.

∀ p ∈ I :
d(p.x)

dt
= p.f .

Based on the chain rule, the rate of change of the stored exergy is given by dH
dt =

∑p∈I ⟨p.e | p.f⟩.

Example 2.6.3.
Consider a storage component (Igas, Egas) representing a gas-filled compartment whose
entropy and volume can change. Its interface Igas is defined in Example 2.3.8, and we
assume knowledge of its energy storage function Egas : R×R → R. With x = (s, v),
the exergy storage function is then given by

Hgas(s, v) = Egas(s, v) − θ0 s + π0 v .

As the temperature is defined by θ =
∂Egas

∂ s and the (negative) pressure is defined by

−π =
∂Egas

∂v , the effort variables are given by

s.e = θ −θ0

v.e = −(π −π0) .

Since the entropy rate ṡ= s.f is related to the heat flow rate Φ via ṡ= 1
θ

Φ, the exergetic
power at the entropy port is ⟨s.e | s.f⟩ = θ−θ0

θ
Φ = ηCarnot Φ, where ηCarnot is the

efficiency of an ideal heat engine operating between a hot source with temperature θ

and a cold sink with temperature θ0. Considering a piston with the pressurized gas on
one side and the atmosphere on the other, ⟨v.e | v.f⟩ = −(π −π0) v̇ is the power that
can be extracted from the pressurized gas when the volume expansion rate is v̇. ⋄
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Next, we formally state the semantics of a storage component with interface I in terms
of a relation S : TXI ↛PI . This is used in Section 2.7, where we define the semantics
of a composite system in terms of the semantics of its primitive subsystems and the
semantics of its (hierarchy of nested) interconnection pattern(s).

Definition 2.6.4.
The semantics assigned to storage component (I, E) is the relation S : TXI ↛ PI
that is given by the subbundle

S =
{(

(x̃, f̃ ), (x, f , e)
)
∈ TXI ×PI | x̃ = x, f̃ = f , e = dH(x)

}
,

where H is induced from E according to Definition 2.6.2.” [LLL25] △

2.6.2 Environment components

“From a user perspective, environment components provide a simple alternative to stor-
age components, when dealing with low-grade energy.They may represent an isother-
mal heat bath, which absorbs heat generated by irreversible components, or an isobaric
atmosphere, which exchanges pressure-volume work with other components, etc. En-
vironment components are essentially storage components with a trivial energy and
exergy function.

Definition 2.6.5.
An environment component is defined by a subinterface I ⊆ IR containing the exposed
energy domains of the reference environment. △

The state variables keep track of the exchanged entropy, volume, etc. As for storage
components, their rate of change is given by the flow variables, i.e.

∀ p ∈ I :
d(p.x)

dt
= p.f .

By definition, the environment has zero exergy content. Since the effort variables are
given by the differential of the exergy function, they are also zero:

∀ p ∈ I : p.e = 0 .

In agreement with the definition, the chain rule also tells us that the rate of change of
the stored exergy is zero.

Definition 2.6.6.
The semantics assigned to environment component I ⊆ IR is the relation E : TXI ↛
PI that is given by the subbundle

E =
{(

(x̃, f̃ ), (x, f , e)
)
∈ TXI ×PI | x̃ = x, f̃ = f , e = 0

}
.” [LLL25] △
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2.6.3 Reversible components

“In a generalized sense, reversible components represent gyrators, transformers, and/or
kinematic constraints:

• Generalized gyrators may describe a coupling of kinetic and potential energy
domains in mechanics, or a coupling of magnetic and electric energy domains
in electromagnetism. Examples where one domain reversibly interacts with it-
self are gyroscopic forces in rigid body dynamics and self-advection of kinetic
energy in fluid dynamics. The Lorentz force is an example where a kinetic en-
ergy domain interacts with itself in a way that depends on the state of a magnetic
energy domain.

• Generalized transformers may for instance describe ideal mechanical levers or
electrical transformers. Frame transformations in multibody systems are an ex-
ample relating different representations of the same energy domain.

• Examples of kinematic constraints include joint constraints in multibody dynam-
ics and the incompressibility constraint in fluid dynamics. Further, the parallel
connection of capacitors, the series connection of inductors or springs, and rigid
links between point masses are described by constraints.

The geometric structure behind reversible components is called Dirac structure. For
our purposes, a Dirac structure D is a power-preserving, locally linear relation of port
variables. More precisely, we could define D ⊂ PI as a maximally isotropic vector
subbundle of the bundle of port variables PI ↠ XI , see [Cou90; vJ14; Bur13]. How-
ever, to state additional conditions that reversible components have to satisfy, we give
a more practical definition of Dirac structures in terms of a particular representation,
which might be called constrained hybrid input-output representation (cf. [vJ14]).

Definition 2.6.7.
Let I be an interface and let XI,p ∼= X1 ×X2 ∋ xp = (x1, x2) be a factorization of the
state space of all power ports with flow and effort variables correspondingly denoted
by f = ( f1, f2) and e = (e1, e2). A Dirac structure D ⊂ PI admits the following
representation: D =(x, f , e) ∈ PI | ∃λc ∈V ∗ :

 f1
e2
0

 =

 L(x) −g(x) C∗(x)
g∗(x) 0 0
−C(x) 0 0

  e1
f2
λc


Here, L : T∗X1 → TX1, g : TX2 → TX1, its linear dual g∗ : T∗X1 → T∗X2,
C : T∗X1 → XI ×V , and its dual C∗ : XI ×V ∗ → TX1 are vector bundle maps over
the identity on XI . Further, V is a vector space and L(x) is skew-symmetric for all
x ∈ XI . △
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The maps L, g and C respectively define a generalized gyrator, a generalized trans-
former and a constraint. The constraint is enforced via the constraint variable λc.
Due to the skew-symmetry of the matrix in Definition 2.6.7, exergetic power is con-
served, i.e.

⟨e1 | f1⟩ + ⟨e2 | f2⟩ = 0 .

We remark that this actually defines an almost Dirac structure, as no integrability con-
dition, akin to the Jacobi identity for Poisson structures or the closedness condition
for presymplectic forms, is required. However, in the unconstrained or holonomically
constrained case, such a condition can be checked.

Example 2.6.8.
Let the interface Ihkc = (Nhkc, τhkc) be given by

Nhkc = {p, v1, v2}
τhkc(p) = ((R, momentum), p)
τhkc(v1) = τhkc(v2) = ((R, volume), p)

and let a ∈ R be a constant surface area of a piston. Then, the equation p.f
v1.f
v2.f

 =

 0 a −a
−a 0 0

a 0 0

  p.e
v1.e
v2.e


defines a Dirac structure Dhkc ⊂ PIhkc . This describes a generalized gyrator that cou-
ples the two hydraulic energy domains at the front and the back side of a piston with
the kinetic energy domain of the piston’s moving mass. ⋄

A reversible component is defined by a Dirac structure that satisfies two additional
conditions ensuring thermodynamic consistency.

Definition 2.6.9.
A reversible component (I, D) is given by an interface I and a Dirac structure D ⊂PI
such that all quantities present in the reference environment (in particular entropy) are
conserved and the time-reversal invariance property holds. The first condition requires
that ∀ pR ∈ IR and ∀x ∈ XI :

0 = L(x)λ (I1, pR) and 0 = g∗(x)λ (I1, pR) and 0 = C(x)λ (I1, pR) .

The time-reversal invariance property holds if ∀x ∈ XI :

(L(x))i j ̸= 0 =⇒ −P(xi
1) = P((L(x))i j)P(x j

1)

(g(x))ik ̸= 0 =⇒ P(xi
1) = P((g(x))ik)P(xk

2) .

Here, we use abstract index notation without implied summation. Indices i and j range
over the power ports associated with X1 and k ranges over the power ports associated
with X2. The state variable is accordingly split as x = (xp, xs) = ((x1, x2), xs) and P
yields the parity of the respective quantity with P(const.) = +1. △
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According to the chain rule, a Dirac structure D conserves the quantity corresponding
to some port pR ∈ IR if any resulting flow variable f1 satisfies 0 = ⟨λ (I1, pR) | f1⟩.
Inserting the expression for f1, this condition is satisfied if 0 = ⟨λ (I1, pR) | L(x)e1⟩ is
satisfied for any effort variable e1, and 0 = ⟨λ (I1, pR) | g(x) f2⟩ is satisfied for any flow
variable f2, and 0 = ⟨λ (I1, pR) | C∗(x)λc⟩ is satisfied for any value of the constraint
variable λc. Taking the linear adjoint (transpose), the first condition requires that 0 =
⟨L∗(x)λ (I1, pR) | e1⟩ for any e1. This simplifies to the first part of the condition in the
definition, since L is skew-adjoint. The other two parts follow analogously. Regarding
details on the time-reversal invariance condition, we refer to [PKG14] or [LKL21].

Example 2.6.10.
The reversible component (Ihkc, Dhkc), as already defined in Example 2.6.8, describes
the coupling between the kinetic energy domain of a piston with surface area a and
the two hydraulic energy domains on either side of the piston. The first condition here
ensures that volume is conserved. It is satisfied since 0

0
0

 =

 0 a −a
−a 0 0

a 0 0

  0
−π0
−π0

 .

The time-reversal invariance property holds since

−P((R, volume)) = P(−a)P((R, momentum))
−P((R, volume)) = P(+a)P((R, momentum)) .

Checks for the other two non-zero entries of L pass due to skew-symmetry of L. ⋄
The semantics of a reversible component is simply given by its Dirac structure inter-
preted as a relation.

Definition 2.6.11.
The semantics assigned to reversible component (I, D) is the relation D : 1 ↛ PI
that is given by its Dirac structure D . △

The symbol 1 in 1 ↛ PI refers to the Cartesian unit for vector bundles, i.e. the vector
bundle with a single point as its base space and the zero-dimensional vector space above
it.” [LLL25]

2.6.4 Irreversible components

“Irreversible components are phenomenological models of irreversible processes with
local thermodynamic equilibrium. Examples include mechanical friction, fluid viscos-
ity, electrical conduction / resistance, thermal conduction, and mass diffusion. Such
models can be defined in terms of a function that maps thermodynamic forces, which
drive the relaxation process, to thermodynamic fluxes, which seek to restore equilib-
rium. Based on the assumption that the microscopic dynamics are reversible, Onsager
found that such maps must satisfy a symmetry property [Ons31]. This motivates our
definition of an Onsager structure.
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Definition 2.6.12.
Let I be an interface. An Onsager structure O ⊂ PI is a fiber subbundle that admits
the following representation:

O =

{
(x, f , e) ∈ PI | f =

1
θ0

M(e)e
}
,

where M is a smooth function that yields a symmetric non-negative definite linear op-
erator M(e) : T∗XI,p → TXI,p for all effort variables e ∈ T∗XI,p. △

In contrast to a Dirac structure, an Onsager structure is neither power-preserving, nor
is it a locally linear relation of the port variables, since destruction of exergy, or equiv-
alently production of entropy, is usually described by a non-linear relation. Hence,
O ⊂ PI is not a vector subbundle of PI , but merely a fiber subbundle. The symmetry
of M(e) corresponds to Onsager’s reciprocal relations and its non-negative definiteness
implies a non-negative exergy destruction rate, i.e. ⟨e | f ⟩ ≥ 0.

Example 2.6.13.
Let the interface Imf = (Nmf, τmf) be given by

Nmf = {p, s}
τmf(p) = ((R, momentum), p)
τmf(s) = ((R, entropy), p)

and let d ∈R>0 be a friction coefficient. Then, the following defines an Onsager struc-
ture Omf ⊂ PImf representing mechanical friction:[

p.f
s.f

]
=

1
θ0

d
[

θ −υ

−υ
υ2

θ

] [
p.e
s.e

]
Here, υ = p.e is the velocity and θ = θ0 + s.e is the absolute temperature at which
kinetic energy is dissipated into the thermal energy domain, since adding θ0 cancels the
shift −θ0 in the effort variable, see Example 2.6.3. The phenomenological parameter d
could also be a function of the effort variables e, i.e. it could depend on the velocity and
the temperature, or theoretically also the base point x. The above can be simplified to
p.f= d υ and s.f=− 1

θ
d υ2. Hence, the environment temperature θ0 cancels out in the

flow variables, which here are the friction force and the entropy production rate (with
a minus sign since thermal energy is leaving the component). The exergy destruction
rate is given by ⟨p.e | p.f⟩+ ⟨s.e | s.f⟩= θ0

d υ2

θ
≥ 0, with d υ2

θ
≥ 0 being the entropy

production rate. ⋄

An irreversible component is defined by an Onsager structure that satisfies two addi-
tional conditions ensuring thermodynamic consistency.
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Definition 2.6.14.
An irreversible component (I, O) is given by an interface I and an Onsager structure
O ⊂ PI such that energy and all quantities of the reference environment, except for
entropy, are conserved and the time-reversal invariance property does strictly not hold.
The condition for conservation of energy requires that ∀e ∈ T∗XI,p :

0 = M(e)
(
λ (I)+ e

)
.

The condition that all quantities present in the reference environment, except for en-
tropy, are conserved requires that ∀ pR ∈ IR with τR(pR) ̸= ((R, entropy), p), we have
that ∀e ∈ T∗XI,p :

0 = M(e)λ (I, pR) .

The time-reversal invariance property does strictly not hold if ∀x ∈ XI :

(M(x))i j ̸= 0 =⇒ P(xi) = P((M(x))i j)P(x j) .

Here, we use the same notation as in Definition 2.6.9 with indices i and j ranging over
all power ports of I. △

From Definition 2.6.4 and Example 2.6.3, we know that efforts variables are given by
the differential of the energy function and additional shifts by the constant intensive
quantities of the environment, whenever the quantity of the respective port matches
with a quantity present in the envirionment. We thus have e = e′−λ (I), where e′ is
precisely the part that stems from the differential of the energy. From this and the chain
rule, it follows that energy is conserved if 0 = ⟨e′ | f ⟩ = ⟨e+ λ (I) | M(e)e⟩. Taking
the linear adjoint, this gives the condition in the definition, since M(e) is symmetric.
The condition that all quantities which are also present in the environment, except for
entropy, are conserved follows for the same reason already stated for reversible com-
ponents after Definition 2.6.9. Again, regarding the time-reversal invariance condition,
we refer to [PKG14] or [LKL21].

Example 2.6.15.
The irreversible component (Imf, Omf), as already defined in Example 2.6.13, models
mechanical friction. The condition for conservation of energy is satisfied since[

0
0

]
= d

[
θ −υ

−υ
υ2

θ

] [
υ

θ

]
.

The condition that all quantities of the reference environment, except for entropy, are
conserved is trivially satisfied. As required, the time-reversal invariance property does
strictly not hold since

P((R, momentum)) = P(d)P(θ)P((R, momentum))
P((R, momentum)) = P(d)P(−υ)P((R, entropy))
P((R, entropy)) = P(d)P(−υ)P((R, momentum))

P((R, entropy)) = P(d)(P(υ))2 /P(θ)P((R, entropy)) .
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Here, we used that temperature has positive parity and velocity has negative parity,
which follows from the parities of entropy and momentum, knowing that energy has
positive parity. ⋄

Irreversible components, and hence EPHS in general, respect Onsager’s reciprocal re-
lations because the symmetry of M(e) in Definition 2.6.12 implies equal cross-effect
coefficients (see, e.g., [MRP16]). In the terminology of Linear Irreversible Thermo-
dynamics (LIT), thermodynamic fluxes are related to thermodynamic forces by a sym-
metric operator. The following example shows this in detail.

Example 2.6.16.
Let the interface Iht = (Nht, τht) be given by

Nht = {s1, s2}
τht(s1) = τht(s2) = ((R, entropy), p) ,

let α ∈ R>0 be a heat transfer coefficient, and let the Onsager structure Oht ⊂ PIht be
given by [

s1.f
s2.f

]
=

1
θ0

α

[
θ2
θ1

−1
−1 θ1

θ2

] [
s1.e
s2.e

]
,

where θ1 = θ0 + s1.e and θ2 = θ0 + s2.e are the absolute temperatures of the two
thermal energy domains. It can be easily checked that (Iht, Oht) defines an irreversible
component. Again, the phenomenological parameter α could for instance be a func-
tion of the temperatures. The above can be simplified to s1.f = − 1

θ1
α (θ2 − θ1) and

s2.f=− 1
θ2

α (θ1−θ2). Hence, the environment temperature θ0 cancels out in the flow
variables, which are rates of entropy change due to heat transfer. Since M(e) is symmet-
ric and non-negative definite, an Onsager structure can be represented in a factorized
form: [

s1.f
s2.f

]
︸ ︷︷ ︸

f

=

[
+ 1

θ1

− 1
θ3

]
︸ ︷︷ ︸

C(e)

[
α θ1 θ3

]︸ ︷︷ ︸
D(e)

1
θ0

[
+ 1

θ1
− 1

θ3

]
︸ ︷︷ ︸

C∗(e)

[
s1.e
s2.e

]
︸ ︷︷ ︸

e

The factorization has a physical interpretation in terms of LIT (see, e.g., [Ött05]). The
thermodynamic force that drives the irreversible process is given by

X =
1
θ0

C∗(e)e =
1
θ2

− 1
θ1

.

Application of the symmetric operator D(e) yields the thermodynamic flux

J = D(e)
1
θ0

C∗(e)e = α (θ1 −θ2) .

Since M(e) models a single process, D(e) has rank 1. Application of C(e) yields the

flow variables f . The net power ⟨s1.e | s1.f⟩+⟨s2.e | s2.f⟩= ⟨e | f ⟩= θ0
α (θ1−θ2)

2

θ1 θ2
≥
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0 is the exergy destruction rate, and α (θ1−θ2)
2

θ1 θ2
= ⟨X | J⟩ ≥ 0 is the entropy production

rate. ⋄
The semantics of an irreversible component is simply given by its Onsager structure
interpreted as a relation.

Definition 2.6.17.
The semantics assigned to irreversible component (I, O) is the relation O : 1 ↛ PI
that is given by its Onsager structure O .” [LLL25] △

2.7 Composite systems

“A composite system is formed by interconnecting a finite number of (primitive or com-
posite) systems according to an interconnection pattern. The data defining a composite
system thus consists of an interconnection pattern and, for each of its inner boxes, a
system with the corresponding interface.

Definition 2.7.1.
Let System refer to the set of all systems defined with respect to a fixed reference
environment. A composite system (I, γ, J) is defined by the following data:

1. An interface I of the composite system.

2. A directory of systems γ ∈ Dtry(System), which can naturally be reduced to a
directory of interfaces β ∈Dtry(Interface).

3. A partition J of the combined interface P = ∑ [inner 7→ ∑β , outer 7→ I] such
that (β , I, J) defines an interconnection pattern. △

class of systems interface relation definition

storage component Is S : TXIs × 1 ↛ PIs 2.6.4
environment component Ie E : 1 × TXIe ↛ PIe 2.6.6

reversible component Ir D : 1 × 1 ↛ PIr 2.6.11
irreversible component Ii O : 1 × 1 ↛ PIi 2.6.17

composite system I C : TXIs × TXIe ↛ PI 2.7.2

Table 2.2: “Overview of systems and their semantics given by a relation.” [LLL25]

Table 2.2 recalls the different kinds of components defined in Section 2.6. In order
to write the relations that determine their semantics in a unified form, the Cartesian
unit is inserted a few times. As shown in the last row of the table, the semantics of a
composite system takes the same form. We just need to compose the relation assigned
to the interconnection pattern with the Cartesian product of the relations assigned to the
subsystems filling its inner boxes.
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Definition 2.7.2.
Let (I, γ, J) be a composite system and let P=(β , I, J) be its underlying interconnection
pattern. Further, let PP be the relation assigned to pattern P according to Defini-
tion 2.4.4. For any filled inner box b ∈ dom(γ), let JsK denote the relation assigned to
the subsystem s = γ(b). In case system s is itself a composite system, the present defi-
nition applies recursively. Then, the semantics assigned to composite system (I, γ, J)
is the relation C : TXIs ×TXIe ↛ PI given by

C = PP ◦

(
∏

b∈dom(γ)

Jγ(b)K

)
.

Here, XIs denotes the state space of all storage components and XIe denotes the state
space of all environment components that are subsystems of the composite system in a
recursive sense. △

Example 2.7.3.
Consider the composite system given by filling the inner boxes of the interconnection
pattern for the nonisothermal damper shown in Figure 2.6 with three suitable systems.
The system filling the box ht is a heat transfer model as defined in Example 2.6.16, and
it gives a relation

Oht : 1×1 ↛TXht

with Xht = R×R. The system filling the box mf is a mechanical friction model as
defined in Example 2.6.15, and it gives a relation

Omf : 1×1 ↛TXmf

with Xmf = R×R. The system filling the box tc represents a thermal capacity and it
is defined analogous to Example 2.6.3, but without a port for volume exchange. It gives
a relation

Stc : TXtc ×1 ↛TXtc

with Xtc = R. Let the Cartesian product of the three relations be denoted by

Sht ×Omf ×Otc : TXtc ×1 ↛TXht ×TXmf ×TXtc .

Further, let the semantics of the interconnection pattern be given by the relation

PP : TXht ×TXmf ×TXtc ↛ PI ,

where PI = TXp×TXs = TR×TR is the bundle of port variables of the outer inter-
face. Then, the semantics of the composite system is given by the relation

C = PP ◦ (Sht ×Omf ×Otc)

from TXtc ×1 to PI . ⋄
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For an isolated composite system the assigned relation C : TXIs ×TXIe ↛ 1 simply
amounts to a subbundle of TXIs × TXIe , which implicitly defines a vector field on
XIs ×XIe . Given an initial condition, one can integrate this vector field to determine
the evolution of the system. We simply say that (x, ẋ)∈C , where x = (xs, xe), gives the
dynamics of the isolated system. The following definition generalizes this statement.

Definition 2.7.4.
Let s ∈ System be a system with interface I and let the relation R : TXIs ×TXIe ↛PI
define its semantics, according to the definitions mentioned in Table 2.2. Further, let
(xs, xe) ∈ XIs ×XIe denote the state variables associated to all (nested) storage and
environment components. If the system is a reversible or an irreversible component or
given by an interconnection of only such components this is vacuous. Moreover, let
(x, f ,e) ∈ PI denote the port variables of its (outer) interface. If the system is isolated
this is vacuous. Then, the dynamics of system s is implicitly determined by(

(xs, ẋs), (xe, ẋe), (x, f , e)
)
∈ R . △

Example 2.7.5.
The dynamics of the composite system described in Example 2.7.3 is given by(

(s, ṡ), (p.x, p.f, p.e), (s.x, s.f, s.e)
)
∈ C .

which boils down to the following equations:

ṡ =
1
θ1

(
d υ

2 + α (θ2 −θ1)
)

p.f = d υ

s.f = − 1
θ2

α (θ1 −θ2)

Here, υ = p.e is the velocity of the kinetic energy domain represented by the outer port
p, while θ1 = dU(s) is the absolute temperature of the thermal capacity with internal
energy function U : R→ R and θ2 = θ0 +s.e is the absolute temperature of the ther-
mal energy domain represented by the outer port s. Further, d ∈ R>0 is the damping
coefficient and α ∈ R>0 is the heat transfer coefficient. ⋄

In the context of programming languages, syntactically correct code does not necessar-
ily define a semantically valid program. Similarly, there are cases where a compiler for
the EPHS language must raise an error. For example, no junction can have two or more
connected ports belonging to storage or environment components. A more comprehen-
sive discussion of the conditions required for a composite system to be well-defined is
left for future work.” [LLL25]
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2.8 Thermodynamic consistency

2.8 Thermodynamic consistency

2.8.1 Direct argument

“Akin to metriplectic systems or the GENERIC, the structure of EPHS ensures thermo-
dynamic consistency. To simplify things a bit, we focus on isolated systems.

Proposition 2.8.1.
The dynamics of an isolated EPHS respect the first law and the second law. △

To prove this, one could first show that the semantics of any (isolated) composite sys-
tem can be represented by some abstract system of evolution equations. Analogous
to metriplectic systems or the GENERIC, one could then use the structural properties
of this abstract system of equations to demonstrate thermodynamic consistency. The
following proof, however, does not require this intermediate step.

Proof. As the semantics associated to interconnection patterns is functorial, it suffices
to show thermodynamic consistency for composite systems, where all subsystems are
primitive. In terms of semantics, environment components are a special case of storage
components. Any finite number of storage components can be combined into a single
component by taking the named sum of their interfaces and by summing their energy
functions. Similarly, any finite number of reversible/irreversible components can be
combined into a single such component by taking the named sum of their interfaces and
by taking the Cartesian product of the relations that define them. It hence suffices to
show thermodynamic consistency for a composite system with one storage component,
one reversible component, and one irreversible component.

1. First, we consider the storage component and focus specifically on the structure
of its exergy function H, see Definition 2.6.2. The following two facts follow
immediately:

a) The energy E must be conserved if the exergy H and all quantities also
present in the reference environment are conserved.

b) Entropy must be growing at a non-negative rate if the exergy H is decreas-
ing at a non-negative rate, while the energy E and all quantities also present
in the reference environment, except for entropy, are conserved.

2. Regarding the interconnection of the components based on Definition 2.4.4, we
know that at each junction the flow variables balance, while the effort variables
are equal. We can conclude the following:

a) The interconnection is power-preserving, i.e. it conserves exergy.

b) The interconnection conserves the quantities associated with the ports be-
cause each flow variable represents the rate of change of the corresponding
quantity, and the flow variables balance.
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c) The interconnection conserves energy. This follows from the previous two
points and point 1. (a)

3. Next, we consider the reversible component defined by a Dirac structure D ,
see Definition 2.6.7. Since D is a power-preserving relation, it conserves the
exergy H. One of the conditions in Definition 2.6.9 guarantees that D conserves
all quantities also present in the reference environment, in particular entropy.
Considering also point 1. (a), it follows that D must also conserve the energy E.

4. Finally, we consider the irreversible component defined by an Onsager struc-
ture O , see Definition 2.6.12. As a consequence of the non-negative definiteness
property, O destroys exergy at a non-negative rate. One of the conditions in Defi-
nition 2.6.14 guarantees that O conserves the energy E. Another condition guar-
antees that O conserves all quantities also present in the reference environment,
except for entropy. Considering also point 1. (b), it follows that O must produce
entropy at a non-negative rate.

The composite system must respect the first law, since the interconnection, the re-
versible component, and the irreversible component all conserve energy.
The composite system must respect the second law, since the interconnection and the
reversible component conserve entropy, while the irreversible component produces en-
tropy at a non-negative rate.

The concept of a storage function has been introduced in Willems’ theory of dissipative
systems [Wil72]. In this framework, EPHS without irreversible components are clas-
sified as lossless, whereas EPHS that include irreversible components are considered
dissipative or passive. The additional conditions defining reversible and irreversible
components in EPHS extend the notion of dissipativity, ensuring full thermodynamic
consistency.” [LLL25]

2.8.2 Relationship with the metriplectic or GENERIC formalism

“Here, we want to clarify how the EPHS language is related to the metriplectic for-
malism, which ensures the thermodynamically consistent combination of reversible
(Hamiltonian) and irreversible (gradient) dynamics, see, e.g., [Mor86]. Although there
are subtle differences, what we say here also applies to the GENERIC formalism [GÖ97],
when assuming a quadratic dissipation potential.
To focus on the core idea, we consider a metriplectic system, whose state space X is a
finite-dimensional vector space. A metriplectic dynamics is then determined by

ẋ = L(x)dE(x) + M̃(x)dS(x) .

Here, x ∈ X is the combined state variable. The function E : X → R yields the total
energy. Similarly, functions S and N yield the total entropy and mass, respectively. For
every x ∈ X , the skew-symmetric matrix L(x) =−(L(x))T satisfies the two conditions
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L(x)dS(x) = L(x)dN(x) = 0. Similarly, the symmetric, non-negative definite matrix
M̃(x) = (M̃(x))T satisfies M̃(x)dE(x) = M̃(x)dN(x) = 0.
The metriplectic structure ensures that energy is conserved:

Ė(x(t)) = ⟨dE(x) | ẋ⟩
= ⟨dE(x) | L(x)dE(x)⟩ + ⟨dE(x) | M̃(x)dS(x)⟩
= 0+ ⟨M̃(x)dE(x) | dS(x)⟩ = 0

The reversible part conserves energy due to skew-symmetry of L(x) and the irreversible
part conserves energy due to symmetry of M̃(x) and the degeneracy condition
M̃(x)dE(x) = 0. Moreover, entropy grows monotonically:

Ṡ(x(t)) = ⟨dS(x) | L(x)dE(x)⟩ + ⟨dS(x) | M̃(x)dS(x)⟩
= ⟨dS(x) | M̃(x)dS(x)⟩ ≥ 0

The reversible part conserves entropy due to skew-symmetry of L(x) and the degener-
acy condition L(x)dS(x) = 0. The irreversible part has non-negative entropy produc-
tion, since M̃(x) is symmetric and non-negative definite. Further quantities, such as the
total mass N, are conserved, given that both L and M̃ satisfy the relevant degeneracy
conditions.
The metriplectic evolution equation can equivalently be written as

ẋ =

(
L(x) − 1

θ0
· M̃(x)

)
dH(x) ,

where H : X → R is the exergy storage function defined by

H(x) = E(x) − θ0 ·S(x) − µ0 ·N(x) + const.

In principle, θ0,µ0 ∈ R are arbitrary constants. More details can be found in [LKL21].
Without a fundamental loss of generality, we now assume that none of the individual
state variables in the combined state x have the quantity energy. Consequently, S and
N are simply given by a sum of state variables and the components of dS(x) and dN(x)
are, independently of x ∈ X , either 0 or 1, indicating which state variables have the
quantity entropy or mass. We can thus write

dH(x) = dE(x) − θ0 ·dS − µ0 ·dN .

Components of dH and dE are equal if the respective quantity is neither entropy nor
mass. Otherwise, the component of dH additionally has a shift by either −θ0 or −µ0.
It follows that dH is fully determined by dE, and vice versa, provided that the physical
quantities of the individual state variables are known.
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ic

rc

sc m

Figure 2.10: “Interconnection pattern for a generic, isolated EPHS model. Boxes sc,
rc and ic are filled by a storage component, reversible component, and
irreversible component, respectively. Each component has the same inter-
face with a multiport m.” [LLL25]

To satisfy the degeneracy condition M̃(x)dE(x) = 0, M̃ must depend on x through dE
or equivalently through dH. This means we can assume that there exists a M such that

M̃(x)dS(x) = M
(
dH(x)

)
dS(x)

= − 1
θ0

·M
(
dH(x)

)
dH(x) .

(2.1)

The degeneracy conditions on M are

M
(
dH(x)

)
dE(x) =

M
(
dH(x)

)(
dH(x) + θ0 ·dS + µ0 ·dN

)
= 0

(2.2a)

and
M
(
dH(x)

)
dN = 0 . (2.2b)

This allows us to recast the metriplectic system as an EPHS model. We first define an
interface I that reflects the structure and physical meaning of X . If each component
of x ∈ X represents a separate physical quantity, I has a port for each component.
More generally, X is a Cartesian product of spaces such that each factor or subspace
corresponds to a physical quantity and a port of I. To draw the interconnection pattern
of the EPHS model in a simple and general manner, all ports are combined into one
multiport m, see Figure 2.10. Box sc is filled by the storage component (I, E). Its port
variables hence satisfy sc.m.x= x, sc.m.f= ẋ, and sc.m.e= dH(x). Here, sc.m.x stands
for the concatenation of the state variables sc.m.p.x, with p ranging over the individual
ports of the multiport sc.m. The meaning of sc.m.f and sc.m.e follows analogously.
Box rc is filled by the reversible component (I, D) with the Dirac structure D given
by rc.m.f = −L(rc.m.x)rc.m.e. Box ic is filled by the irreversible component (I, O)
with the Onsager structure O given by ic.m.f= 1

θ0
·M(ic.m.e)ic.m.e.
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An idiomatic EPHS model is obtained by refactoring the three components into various
small, reusable components, which are organized into (a hierarchy of) reusable subsys-
tems that are relatively easy to understand. To guarantee thermodynamic consistency
for any composite system, it suffices to check the degeneracy conditions once for each
reusable component. As a precise statement of the conditions requires some definitions,
we refer to [LLL25]. In essence, dS and dN are determined by the physical quantities
associated to each port and dH(x) corresponds to the effort variable. For a reversible
component we then have L(x)dS = L(x)dN = 0 and for an irreversible component we
have Equation (2.2).
Concerning spatially-distributed systems, it is important to note that the degeneracy
conditions on L do not apply at the boundary of the spatial domain, since entropy and
mass can enter or leave the system due to a reversible process (advection). Similarly,
the degeneracy conditions on M do not apply at the boundary, since energy and mass
can enter or leave the system due to an irreversible processes. Finally, the symmetry and
non-negative definiteness of M become apparent when the operator equation required
to hold within the spatial domain is written in a weak form, where boundary ports are
included implicitly. Regarding this, we also refer to [Ött06].” [LKL24]
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Chapter 3

Implementation and examples

3.1 EPHS.jl

To put the theoretical developments of Chapter 2 into practice, we have developed an
implementation of the EPHS framework in the Julia programming language [Bez+17].
To simplify the task, the software prototype currently assumes that all port variables
are scalar-valued. The EPHS Julia package [Loh25] is organized into several modules,
which are described in the following subsections.

3.1.1 EPHS.Directories

Following Section 2.2, the Directories module implements directories as an im-
mutable, monadic data structure. Subdirectories are stored in lexicographic order to
ensure that two directories with the same namespace and the same associated values
are equal. The implementation supports simple access of subdirectories and values,
pretty-printing, iteration, mapping, filtering, merging, etc.

3.1.2 EPHS.SymbolicExpressions

The SymblicExpressions module implements a computer algebra system (CAS).
This provides a mathematical syntax to represent the relations defining the semantics
of primitive and composite systems. At the time of writing, the system assumes that all
variables and constant literals represent real numbers. While it supports various arith-
metic operations, the CAS can be easily extended, based on Julia’s multiple dispatch
paradigm. Features include pretty-printing of expressions, conversion of expressions to
Julia code, symbolic differentiation, and transformation/rewriting of expression trees.
As discussed in Chapters 4 and 5, more advanced applications require support for vari-
ables and literals that take values in finite-dimensional vector spaces, more general Lie
groups, and graded vector spaces of differential forms, etc. To safely manipulate such
diverse kinds of expressions, for the future, we envision a CAS based on a suitable type
system. For instance, this could be based on the ideas in [Lyn+24].
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3.1.3 EPHS.AbstractSystems

The AbstractSystems module provides a common basis for the syntax defined in
Patterns and the semantics defined in Components and CompositeSystems. In
particular, the module defines system interfaces (based on directories), an abstract type
for concrete systems, and port variables (as an extension of the CAS).

3.1.4 EPHS.Patterns

Following Section 2.4, the Patterns module implements interconnection patterns as
an immutable data structure based on directories. Besides implementing composition
and identity to establish the categorical structure, the implementation supports textual
pretty-printing of patterns and graphical display (in SVG format).
The prototype implementation lacks a graphical user interface for constructing patterns.
It requires that patterns be defined in code.

3.1.5 EPHS.Components

Following Section 2.6, the Components module defines storage components, reversible
components, and irreversible components. Since environment components are essen-
tially just storage components with a trivial storage function, they are regarded as a
convenience feature that is left to future work.

3.1.6 EPHS.CompositeSystems

Following Section 2.7, the CompositeSystems module defines composite systems as
interconnection patterns, where each inner box is filled by a subsystem with the match-
ing interface. Further, the module provides the functionality to translate such systems
into relations that are understood as (open) systems of differential(-algebraic) equa-
tions. As implied by the functor property of the semantics, this translation can proceed
in two equivalent ways. One assembly procedure first flattens a hierarchy of patterns,
and then interconnects the primitive systems at the lowest level using the resulting flat
pattern. Alternatively, one can use the mathematically-equivalent assembly procedure
which proceeds recursively by composition of relations.

3.1.7 EPHS.Simulations

The Simulations module adds functionality for numerically computing the time evo-
lution of composite systems. The implemented approach uses the assembled system
of differential(-algebraic) equations to generate system-specific Julia code that is then
called in a generic time stepping loop. At the time of writing, this approach has only
been implemented for the (variational/implicit) midpoint rule. It includes basic sup-
port for constrained systems, such as systems featuring series connections of springs or
parallel connections of capacitors.
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3.2 Constrained oscillator model

The alternative approach which directly works with discrete-time systems that can be
interconnected using the same syntax (see Section 6.3.2) has not yet been implemented
as part of EPHS.jl.
The module also provides functionality for post-processing of simulation results. First
and foremost, this includes the possibility to numerically evaluate and plot the evolution
of arbitrary symbolic expressions involving the state variables of the simulated system.

3.2 Constrained oscillator model

We note that the examples presented in this chapter are also included in the EPHS.jl
documentation [Loh25]. Readers interested in seeing how to setup the examples in the
form of code are invited to look there.

pe₁ pe₂
ke

Figure 3.1: Schematic drawing of a mechanical oscillator with two springs pe1 and pe2
(potential energy) and a point mass ke (kinetic energy). As both springs are
connected in series, they experience the same force.

Here, we consider a constrained oscillator model, which is shown schematically in Fig-
ure 3.1, and defined by the pattern in Figure 3.2 and the following components:
The storage component (Ipe1

, Epe1
) filling box pe1 is defined by its interface

Ipe1
= ({q}, τpe1

) with τpe1
(q) = ((R, displacement), p) and its energy function

Epe1
: XIpe1

→ R with XIpe1
= R ∋ q.x=: q. The function is given by

Epe1
(q) =

1
2

k q2 +
1

4m2 k q4 ,

where k = 1.5 N
m is a parameter and m denotes the unit of length in meters.

The storage component (Ipe2
, Epe2

) filling box pe2 is defined analogously, except that
Epe2

does not have the quadratic term, and we set k = 2.0 N
m .

The storage component (Ike, Eke) filling box ke is defined by its interface
Ike = ({p}, τke) with τke(p) = ((R, momentum), p) and its energy function
Eke : XIke → R with XIke = R ∋ p.x=: p. The function is given by

Eke(p) =
1

2m
p2 ,

where m = 1.0kg is a parameter.
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sc

kepe₁

pe₂

pkc
q

q

q p p

q

q₂

Figure 3.2: Interconnection pattern of a mechanical oscillator model. The storage com-
ponents filling boxes pe1 and pe2 represent two springs, which are con-
nected in series through the reversible component filling box sc. By bal-
ancing their contribution to the total displacement pe1.q.x+ pe2.q.x, the
constraint ensures that both springs experience the same force.

The reversible component (Isc, Dsc) filling box sc is defined by its interface
Isc = ({q, q2}, τsc) with

τsc(q) = τsc(q2) = ((R, displacement), p)

and its Dirac structure Dsc ⊂ PIsc given by q.f
q2.f

0

 =

 0 0 +1
0 0 −1
−1 +1 0

  q.e
q2.e

λ

 .

The reversible component (Ipkc, Dpkc) is defined by its interface Ipkc = ({q, p}, τpkc)
with

τpkc(q) = ((R, displacement), p)
τpkc(p) = ((R, momentum), p)

and its Dirac structure Dpkc ⊂ PIpkc given by[
q.f
p.f

]
=

[
0 −1
1 0

] [
q.e
p.e

]
.
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3.2 Constrained oscillator model

The semantics of the composite system is then given by the following relation, which
is understood as a differential-algebraic equation (DAE) on TR2:

Flows:

ke.p.f = −pe1.q.e
pe1.q.f = −sc.λ +ke.p.e

pe2.q.f = sc.λ

Efforts:

ke.p.e = ke.p.x/ke.m

pe1.q.e = pe1.k ·pe1.q.x+pe1.k · (pe1.q.x)3

pe2.q.e = pe2.k ·pe2.q.x

Constraints:

0 = −pe1.q.e+pe2.q.e enforced by sc.λ

While we have not (yet) mathematically defined EPHS as parametrized systems, it
should make immediate sense how EPHS.jl deals with parameter names. The same
applies to the names of constraint variables.
For this simple toy example, it is naturally more convenient to express the DAE in a
more traditional notation, such as

ṗ = − f1
q̇1 = −λ +υ

q̇2 = λ

0 = − f1 + f2 ,

where

υ = p/m

f1 = k1 ·q1 + k1 ·q3
1

f2 = k2 ·q2 .

Here, we have introduced the abbreviated state variables p := ke.p.x, q1 := pe1.q.x,
q2 := pe2.q.x, and we write υ , f1, and f2 for the corresponding effort variables. In
addition, we use the abbreviated parameter names m := ke.m, k1 := pe1.k, k2 := pe2.k,
as well as the constraint variable λ := sc.λ . For more complex models, however, this
simplified naming scheme becomes less practical compared to our directory-based ap-
proach, which scales effectively to large systems and directly reflects their hierarchical
composition.
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Figures 3.3 and 3.4 show the evolution of the displacement variables and the stored
energy, respectively. As the initial condition, we have set both displacement variables to
0m, and we have set the momentum variable to 9N ·s. Figures 3.5 and 3.6 show that the
numerical integration method converges quadratically, both with regard to constraint
satisfaction and energy behavior.

Figure 3.3: Time evolution of the two displacement variables, computed using the im-
plicit midpoint rule with a time step size of h = 0.01s.
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3.2 Constrained oscillator model

Figure 3.4: Time evolution of the stored energy, computed using the implicit midpoint
rule with a time step size of h = 0.01s.

Figure 3.5: The log-log plot illustrates the convergence of the constraint residual with
decreasing time step size. The vertical axis represents the maximum ab-
solute value of the residual (the force difference between the two springs)
normalized by the maximum absolute force of the first spring. The error ex-
hibits quadratic convergence to zero as the time step size approaches zero.
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Figure 3.6: The log-log plot illustrates the convergence of the energy error with de-
creasing time step size. The vertical axis represents the absolute value of the
energy error normalized by the initial energy. The error exhibits quadratic
convergence to zero as the time step size approaches zero.

3.3 Cylinder-piston device

gas₁ gas₂

piston

Figure 3.7: Schematic drawing of a cylinder-piston device. A movable piston drawn in
red divides and isolated cylinder into two gas-filled compartments.

As shown in Figure 3.7, we consider an isolated cylinder with a piston dividing it into
two gas-filled compartments. The model assumes two irreversible phenomena:

1. Due to mechanical friction between the piston and the cylinder wall, its kinetic
energy decreases, and its heat increases by the same amount.

2. Temperature differences between the piston and the two adjacent gas-filled com-
partments result in heat transfer.

62



3.3 Cylinder-piston device

The interconnection pattern of the model is shown in Figure 3.8 and the pattern of the
piston subsystem is shown in Figure 3.9.

gas₁ gas₂piston

v₁

s₁ s₂

v₂v

s

v

s

Figure 3.8: Interconnection pattern of a cylinder-piston device. The storage compo-
nents filling boxes gas1 and gas2 represent the two gas-filled compart-
ments in an isolated cylinder that is divided by a piston. Ports v1 and v2
represent the hydraulic energy domains of the two compartments, while
ports s1 and s2 represent their thermal energy domains.

In the following, we define all involved components. In practice, these components
can conveniently be imported from a component library. The user only needs to set the
parameter values (or infer them from data).
The storage component (Igas, Egas) filling boxes gas1 and gas2 is defined by its inter-
face Igas = ({s, v}, τgas) with

τgas(s) = ((R, entropy), p)
τgas(v) = ((R, volume), p)

and its energy function Egas : XIgas → R with XIgas = R2 ∋ (s.x, v.x) =: (s, v). The
function is given by

Egas(s, v) = c1 exp
(

s
c2

)(
v0

v

) 1
c

,

where c1 = 1.0J, c2 = 2.5 J
K , v0 = 1.0m3, and c = 3

2 are constitutive parameters of the
gas.
The storage component for kinetic energy filling box piston.ke is defined as in Sec-
tion 3.2, except that we set the mass to m = 0.5kg.
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hkc

ht₁ ht₂

ke

mf

tc

p

s

s

s₁ s₂s₁s₂

p

p

v₁ v₂

s₁ s₂

v₁ v₂

Figure 3.9: Interconnection pattern of a piston model. Box hkc represents the reversible
coupling between the two hydraulic energy domains on either side of the
piston and the kinetic energy domain of the piston itself. Box ke represents
storage of kinetic energy in the piston. Box tc represents the thermal capac-
ity of the piston. Box mf represents mechanical friction between the piston
and the cylinder wall. Boxes ht1 and ht2 represent heat transfer between
the piston and the adjacent compartments.

The storage component (Itc, Etc) filling box piston.tc is defined by its interface Itc =
({s}, τts) with τtc(s) = ((R, entropy), p) and its energy function Etc : XItc → R with
XItc = R ∋ s.x=: s. The function is given by

Etc(s) = c1 exp
(

s
c2

)
,

where c1 = 1.0J and c2 = 2.5 J
K are constitutive parameters of the thermal capacity.
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3.3 Cylinder-piston device

The reversible component (Ihkc, Dhkc) filling box piston.hkc is defined as in Exam-
ple 2.6.10 with the cross-sectional area of the cylinder/piston a = 0.02m2.
The irreversible component filling box piston.mf is defined as in Example 2.6.15 with
the friction coefficient d = 0.02 kg

s and the irreversible components filling boxes
pistion.ht1 and piston.ht2 are defined as in Example 2.6.16 with the heat transfer
coefficient α = 0.003 J

K·s .
The semantics of the composite system is given by the following relation, which is
understood as an ordinary differential equation (ODE) on TR6:

Flows:

gas1.s.f =
1

θ0 +gas1.s.e
piston.ht1.α · (piston.tc.s.e−gas1.s.e)

gas1.v.f = piston.hkc.a ·piston.ke.p.e

gas2.s.f =
1

θ0 +gas2.s.e
piston.ht2.α · (piston.tc.s.e−gas2.s.e)

gas2.v.f = −piston.hkc.a ·piston.ke.p.e
piston.ke.p.f = −piston.hkc.a · (gas1.v.e−gas2.v.e)

−piston.mf.d ·piston.ke.p.e

piston.tc.s.f =
1

θ0 +piston.tc.s.e

(
piston.ht1.α · (gas1.s.e−piston.tc.s.e)

+piston.ht2.α · (gas2.s.e−piston.tc.s.e)

+piston.mf.d · (piston.ke.p.e)2
)

Efforts:

gas1.s.e =
gas1.c1
gas1.c2

exp
(
gas1.s.x

gas1.c2

)
·
(
gas1.v0
gas1.v.x

) 1
gas1 .c

−θ0

gas1.v.e = − gas1.c1
gas1.c ·gas1.v.x

exp
(
gas1.s.x

gas1.c2

)
·
(
gas1.v0
gas1.v.x

) 1
gas1 .c

+π0

gas2.s.e =
gas2.c1
gas2.c2

exp
(
gas2.s.x

gas2.c2

)
·
(
gas2.v0
gas2.v.x

) 1
gas2 .c

−θ0

gas2.v.e = − gas2.c1
gas2.c ·gas2.v.x

exp
(
gas2.s.x

gas2.c2

)
·
(
gas2.v0
gas2.v.x

) 1
gas2 .c

+π0

piston.ke.p.e = piston.ke.p.x/piston.ke.m

piston.tc.s.e =
piston.tc.c1
piston.tc.c2

exp
(
piston.tc.s.x

piston.tc.c2

)
−θ0
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Again, for convenience, we display the ODE in a notation that assumes a flat namespace
for variables and parameter names:

ṡ1 =
1
θ1

α · (θ −θ1)

v̇1 = a ·υ

ṡ2 =
1
θ2

α · (θ −θ2)

v̇2 = −a ·υ
ṗ = a · (π1 −π2)−d ·υ

ṡ =
1
θ

(
α · (θ1 −θ)+α · (θ2 −θ)+d ·υ2

)
,

where

θ1 =
c1

c2
exp
(

s1

c2

)
·
(

v0

v1

) 1
c

π1 = − c1

c · v1
exp
(

s1

c2

)
·
(

v0

v1

) 1
c

θ2 =
c1

c2
exp
(

s2

c2

)
·
(

v0

v2

) 1
c

π2 = − c1

c · v2
exp
(

s2

c2

)
·
(

v0

v2

) 1
c

υ = p/m

θ =
c1,p

c2,p
exp
(

s
c2,p

)
.

Here, we have introduced the abbreviated state variables s1 := gas1.s.x, v1 := gas1.v.x,
s2 := gas2.s.x, v2 := gas2.v.x, p := piston.p.x, s := piston.s.x, and we write θ1 −
θ0, −(π1−π), θ2−θ0, −(π2−π), υ , and θ −θ0 for the corresponding effort variables.
Since we have used the same gas model on either side of the piston, we have introduced
the abbreviated parameter names c1 := gas1.c1 = gas2.c1, c2 := gas1.c2 = gas2.c2,
v0 := gas1.v0 = gas2.v0, and c := gas1.c= gas2.c. Additionally, we have introduced
m := piston.ke.m, a := piston.hkc.a, d := piston.mf.d, α := piston.ht1.α =
piston.ht2.α , c1,p := piston.tc.c1, and c2,p := piston.tc.c2. We note that due
to the flat namespace, we have added a suffix to the parameter names of the piston’s
thermal capacity to work around a name conflict.
The initial condition of the system is given by the following directory:
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3.3 Cylinder-piston device

■
├─ gas₁
│  ├─ s =' 1.0
│  └─ v =' 0.1
├─ gas₂
│  ├─ s =' 1.0
│  └─ v =' 0.9
└─ piston
   ├─ ke
   │  └─ p =' 0.0
   └─ tc
      └─ s =' 1.0

We note that, at the time of writing, measurement units are not yet handled by EPHS.jl.
Figure 3.10 shows the evolution of the volume variables, while Figures 3.11 and 3.12
show the evolution of the energy and the entropy, respectively. The plots have been
generated by EPHS.jl and its Plots.jl library extension, using the implicit midpoint
rule with a time step size of h = 0.1s.

Figure 3.10: Time evolution of the two volume variables and their sum.

67



Chapter 3 Implementation and examples

Figure 3.11: Time evolution of the energy stored in the device, in the two compart-
ments, and in the piston subsystem.

Figure 3.12: Time evolution of the entropy variables and their sum.
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3.4 DC shunt motor

3.4 DC shunt motor

commutator
brushes

rotor

stator

Figure 3.13: Schematic drawing of a DC shunt motor: The stator and rotor coils are
connected in parallel to a power source. The stator coil generates a mag-
netic field, which interacts with the current flowing through the rotor
coil. Specifically, the Lorentz force acts on the rotor windings, generat-
ing torque and causing rotation. To sustain continuous motion, the direc-
tion of current in the rotor coil is reversed every half-turn by a mechanical
commutator. The drawing is adapted from work by Honina and Algos,
Wikimedia Commons, licensed under CC BY-SA 3.0.

“This section compares a bond graph and an EPHS model of a direct current (DC)
shunt motor, [see Figure 3.13]. A DC motor has a fixed outer part, called stator, and a
rotating inner part, called rotor. Both parts contain a coil of wire through which current
flows. In the case of a shunt motor, these two inductors are connected in parallel to a
source of electric energy. The working principle of such motors is based on a coupling
of the electromagnetic and the kinetic energy domains via the Lorentz force, and the
commutation of the rotor coil after every half turn. However, both aspects are not
directly resolved by the considered models. Instead, the coupling is considered to be
lumped into a gyrator element.
We start with the bond graph model that is taken from [Bor10] and reproduced, with
slightly different naming of variables, in Figure 3.14. The half arrows are called bonds
and each bond has two associated variables, called flow and effort. The name of the
flow variable is written on the side of the arrow head, while the name of the effort vari-
able is written on the opposite side. However, not all variables are explicitly named in
the example. At any 0-junction, the effort variables of all connected bonds are equal,
while the flow variables balance, with their sign given by the bond direction. Dually, at
1-junctions, flows are equal and efforts balance, again with their sign given by the bond
direction. Specifically, at the 0-junction on the left, the current from the Se-element (ef-
fort source) with effort/voltage E splits into the current is through the stator coil and the
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<latexit sha1_base64="8LgHyi1dEqK5OH/LvezrcNHCtPM=">AAABr3icZY9NT8JAEIZn8Qvxq+rRC5GLB0Na41c8Ybx4RCIfCdS6XQfYsLvddLckTcPdH+FV/5P/xoK9AO9lnsw7M3kn1IIb67q/pLSxubW9U96t7O0fHB45xycdEyUxwzaLRBT3QmpQcIVty63Ano6RylBgN5w8zf3uFGPDI/VqU42+pCPFh5xRm7cCxxlIasexzFqz6kO1FZjAqbl1d6HqOngF1KBQM3A+Bx8RSyQqywQ1pu+52voZjS1nAmeVQWJQUzahI+znqKhE42eL5EtmRqWZZ7nMq0lluGzqcWo4Myvn7PDez7jSiUXFZnl0bzXoOnSu6t5t/eblutZ4LJ4owxmcwwV4cAcNeIYmtIHBFL7gG36IR7rkjbz/j5ZIsXMKSyL8DzHudwk=</latexit>

R : Rs

<latexit sha1_base64="p/50F7HtNM5ZbMqT+Tf6jpvvL1g=">AAABr3icZY+7TsNAEEVnwyuEl4GSJiINBYpsxEtUQTQgUQSJPKTEmPUySVbZXa+860iWlZ6PoIV/4m9wgpskt5mjuTOjO6EW3FjX/SWltfWNza3ydmVnd2//wDk8apsoiRm2WCSiuBtSg4IrbFluBXZ1jFSGAjvh+GHmdyYYGx6pV5tq9CUdKj7gjNq8FThOX1I7imX2NK3eVZ+DOHBqbt2dq7oKXgE1KNQMnM/+R8QSicoyQY3pea62fkZjy5nAaaWfGNSUjekQezkqKtH42Tz5gplRaWZZzvNqUhkumnqUGs7M0jk7uPUzrnRiUbFpHt1bDroK7Yu6d12/ermsNe6LJ8pwAqdwBh7cQAMeoQktYDCBL/iGH+KRDnkj7/+jJVLsHMOCCP8DHgN2+Q==</latexit>

I : Lr
<latexit sha1_base64="/ObKXdrRexbW3J8+/z38xzr/yRc=">AAABr3icZY+7TsNAEEVnwyuEl4GSJiINBYpsxEtUQTRAFSTykBJj1sskWWV3vfKuI1lWej6CFv6Jv8EJbpLcZo7mzozuhFpwY133l5TW1jc2t8rblZ3dvf0D5/CobaIkZthikYjibkgNCq6wZbkV2NUxUhkK7ITjh5nfmWBseKRebarRl3So+IAzavNW4Dh9Se0oltnTtHpXfQ7iwKm5dXeu6ip4BdSgUDNwPvsfEUskKssENabnudr6GY0tZwKnlX5iUFM2pkPs5aioRONn8+QLZkalmWU5z6tJZbho6lFqODNL5+zg1s+40olFxaZ5dG856Cq0L+redf3q5bLWuC+eKMMJnMIZeHADDXiEJrSAwQS+4Bt+iEc65I28/4+WSLFzDAsi/A8bi3b3</latexit>

I : Jr

<latexit sha1_base64="uLzGklz9lSWOgOxXM+AVfrvsXEk=">AAABnnicZY9NTwIxEIan+IX4hXr0QuTiwZCtEfWIMTFejJAIbAIb0q0DNLTdZts1IRvuJl71x/lvXHEvC+9lnsw7M3knNFJY53k/pLSxubW9U96t7O0fHB5Vj096Nkpijl0eySj2Q2ZRCo1dJ5xE38TIVCixH84e/vz+O8ZWRPrVzQ0Gik20GAvOXNbq0FG17jW8pWrrQHOoQ672qPoxfIt4olA7Lpm1A+oZF6QsdoJLXFSGiUXD+IxNcJChZgptkC6DFsyUKauYm15m1c5VWDTNdG4Ftyvn3PguSIU2iUPNF1l0uhp0HXpXDXrTaHau6637/IkynME5XACFW2jBE7ShCxwQPuELvkmNPJJn8vI/WiL5zikURPxfjONwpg==</latexit>

1

<latexit sha1_base64="uLzGklz9lSWOgOxXM+AVfrvsXEk=">AAABnnicZY9NTwIxEIan+IX4hXr0QuTiwZCtEfWIMTFejJAIbAIb0q0DNLTdZts1IRvuJl71x/lvXHEvC+9lnsw7M3knNFJY53k/pLSxubW9U96t7O0fHB5Vj096Nkpijl0eySj2Q2ZRCo1dJ5xE38TIVCixH84e/vz+O8ZWRPrVzQ0Gik20GAvOXNbq0FG17jW8pWrrQHOoQ672qPoxfIt4olA7Lpm1A+oZF6QsdoJLXFSGiUXD+IxNcJChZgptkC6DFsyUKauYm15m1c5VWDTNdG4Ftyvn3PguSIU2iUPNF1l0uhp0HXpXDXrTaHau6637/IkynME5XACFW2jBE7ShCxwQPuELvkmNPJJn8vI/WiL5zikURPxfjONwpg==</latexit>

1
<latexit sha1_base64="uLzGklz9lSWOgOxXM+AVfrvsXEk=">AAABnnicZY9NTwIxEIan+IX4hXr0QuTiwZCtEfWIMTFejJAIbAIb0q0DNLTdZts1IRvuJl71x/lvXHEvC+9lnsw7M3knNFJY53k/pLSxubW9U96t7O0fHB5Vj096Nkpijl0eySj2Q2ZRCo1dJ5xE38TIVCixH84e/vz+O8ZWRPrVzQ0Gik20GAvOXNbq0FG17jW8pWrrQHOoQ672qPoxfIt4olA7Lpm1A+oZF6QsdoJLXFSGiUXD+IxNcJChZgptkC6DFsyUKauYm15m1c5VWDTNdG4Ftyvn3PguSIU2iUPNF1l0uhp0HXpXDXrTaHau6637/IkynME5XACFW2jBE7ShCxwQPuELvkmNPJJn8vI/WiL5zikURPxfjONwpg==</latexit>

1
<latexit sha1_base64="whsImLJ+Dr6W7f8ejS65o4QKxQA=">AAABnnicZY9NTwIxEIan+IX4hXr0QuTiwZCuEfWIMTFejJAIbAIb0q0DNLTdZts1IRvuJl71x/lvXHEvC+9lnsw7M3knNFJYR+kPKW1sbm3vlHcre/sHh0fV45OejZKYY5dHMor9kFmUQmPXCSfRNzEyFUrsh7OHP7//jrEVkX51c4OBYhMtxoIzl7U6dFSt0wZdqrYOXg51yNUeVT+GbxFPFGrHJbN24FHjgpTFTnCJi8owsWgYn7EJDjLUTKEN0mXQgpkyZRVz08us2rkKi6aZzq3gduWcG98FqdAmcaj5IovurQZdh95Vw7tpNDvX9dZ9/kQZzuAcLsCDW2jBE7ShCxwQPuELvkmNPJJn8vI/WiL5zikURPxfi6lwpQ==</latexit>

0
<latexit sha1_base64="YwvTPNHRPei2pKZ+MWjb595M0Os=">AAABqXicZY9NT8JAEIZn8Qvxq+rRi7EXEw1pDX4cMR70YgKJfChtyHYdYMPudtPdmpCGu7/Aq/4t/40FewHeyzyZd2byTqQFN9bzfklpbX1jc6u8XdnZ3ds/cA6P2iZOE4YtFos46UbUoOAKW5ZbgV2dIJWRwE40fpj5nQ9MDI/Vi51oDCUdKj7gjNq8FQSS2lEis+fH12nfcb2qN9fpKvgFuFCo0Xc+g/eYpRKVZYIa0/M9bcOMJpYzgdNKkBrUlI3pEHs5KirRhNk884KZUWlmOS7zaiYyWjT1aGI4M0vn7OAuzLjSqUXFZtH95aCr0L6q+jfV62bNrd8XT5ThBM7gHHy4hTo8QQNawEDDF3zDD7kgTdIlb/+jJVLsHMOCCPsD3qB1rQ==</latexit>

MGY
<latexit sha1_base64="L+Oo2HMJf114to5GG2FwlZf/gN8=">AAABrnicZY9NT8JAEIZn8Qvxg6pHL0QuHgxpjV/xhDEmHjHaQgJNs10H2LC73XS3JqTh7n/wqj/Kf2PBXoD3Mk/mnZm8E2vBjXXdX1LZ2Nza3qnu1vb2Dw7rztFxYJIsZeizRCRpL6YGBVfoW24F9nSKVMYCu/Hkce53PzA1PFFvdqoxlHSk+JAzaotW5NQHktpxKvNXnDXuG0+R03Rb7kKNdfBKaEKpTuR8Dt4TlklUlglqTN9ztQ1zmlrOBM5qg8ygpmxCR9gvUFGJJswXwZfMnEozj3JRVDOV8bKpx1PDmVk5Z4d3Yc6VziwqNiuie6tB1yG4bHk3reuXq2b7oXyiCqdwBufgwS204Rk64AODDL7gG36ISwISkuh/tELKnRNYEhn/AXP8doY=</latexit>

Se : E
<latexit sha1_base64="9RmwVIIS4KsiETvAZzAE/YXtwKU=">AAABunicZY89TwJBEIZn8Qvx69SShkhjYcid8SvGAmNjY4JRPhLuctlbBtiwu7e53TOSC4Wd/8RWf47/RsBrgLeZJ/POTN6JtODGuu4vKaytb2xuFbdLO7t7+wfO4VHLxGnCsMliESediBoUXGHTciuwoxOkMhLYjkYPM7/9honhsXq1Y42BpAPF+5xRO22FTtmX1A4Tmb3gpHJbeQp9i+82EzHtTUKn6tbcuSqr4OVQhVyN0Pn0ezFLJSrLBDWm67naBhlNLGcCJyU/NagpG9EBdqeoqEQTZPMnFsyMSjOLdTatZiyjRVMPx4Yzs3TO9m+CjCudWlRsFt1bDroKrfOad1W7fL6o1u/zJ4pQhhM4BQ+uoQ6P0IAmMPiAL/iGH3JHIsLJ6H+0QPKdY1gQsX/T93we</latexit>

Se : Mload

<latexit sha1_base64="Q6BfGYLdLt+NU991G+JZPw/xHPI=">AAABoHicZY+7TwJBEMZn8YX4Qi1tDDQWhtwZXyXGhk6I8ohwIXvrABt29zY3eybkQm9jq3+b/40nXgN8zfwy38zkm9AqSc7zflhhY3Nre6e4W9rbPzg8Kh+fdChKYoFtEako7oWcUEmDbSedwp6NketQYTecPv753XeMSUbmxc0sBpqPjRxJwV3WepZDGparXs1b6Hwd/ByqkKs5LH8M3iKRaDROKE7U9z3rgpTHTgqF89IgIbRcTPkY+xkarpGCdBF1yUy5Js3d5DKrNNPhsmknM5KCVs650X2QSmMTh0bMs+j+atB16FzV/NvaTeu6Wn/InyjCGVTgAny4gzo0oAltEDCGT/iCb1ZhDfbEWv+jBZbvnMKS2OsvHaxxxA==</latexit>

is

<latexit sha1_base64="CYNQt8+sSXVAwB2EeZjmMLDcXEk=">AAABoHicZY85T8NAEIVnwxXCZaCkQUlDgSIbcZVBNOlIBDlEYlnrZZKssrteeddIlpWehhZ+G/8GE9w4ec18mjczehNqwY113R9S2djc2t6p7tb29g8Oj5zjk76Jkphhj0UiiochNSi4wp7lVuBQx0hlKHAQzh///ME7xoZH6sWmGn1Jp4pPOKM2bz0nQRw4DbfpLnW+Dl4BDSjUCZyP8VvEEonKMkGNGXmutn5GY8uZwEVtnBjUlM3pFEc5KirR+NkyasnMqDSS2tllXk0qw7KpZ6nhzKycs5N7P+NKJxYVW+TRvdWg69C/anq3zZvudaP1UDxRhTOowwV4cActaEMHesBgCp/wBd+kTtrkiXT/Ryuk2DmFksjrLytCcc8=</latexit>ur

<latexit sha1_base64="ORDbKo0gsaYjX6kINPqIoUKYLaU=">AAABo3icZY/LS8NAEMZn66vWV9SjF7EIHiQkUh/HihfBS5W+oAlls07btbubJbsRQujdo1f9z/xvjDWXtt9lfsw3M3wTacGN9bwfUllb39jcqm7Xdnb39g+cw6OuidOEYYfFIk76ETUouMKO5VZgXydIZSSwF00f/vzeOyaGx6ptM42hpGPFR5xRW7S6QSxxTIdO3XO9uU5XwS+hDqVaQ+cjeI1ZKlFZJqgxA9/TNsxpYjkTOKsFqUFN2ZSOcVCgohJNmM/TLpg5lUZSO7ksqslktGjqSWY4M0vn7OguzLnSqUXFZkV0fznoKnSvXP/GvX5u1Jv35RNVOIEzuAAfbqEJj9CCDjB4g0/4gm9yTp7IC2n/j1ZIuXMMCyLhL/3ucww=</latexit>!
<latexit sha1_base64="5MiVcDpJ1Llovkp7pkD/itKvXIE=">AAABnnicZY9NS8NAEIZn61etX1WPXoq5eJCSiF/HiiBeii2YNtCGslmn7dLdzZLdCCX0LnjVH+e/MdZc0r6XeZh3Zngn0oIb67o/pLKxubW9U92t7e0fHB7Vj096Jk4Thj6LRZwEETUouELfcisw0AlSGQnsR7PHP7//jonhsXq1c42hpBPFx5xRm7e67VHdcZvuUo118ApwoFBnVP8YvsUslagsE9SYgedqG2Y0sZwJXNSGqUFN2YxOcJCjohJNmC2DlsyMSiOpnV7m1cxlVDb1dG44Myvn7Pg+zLjSqUXFFnl0bzXoOvSumt5t86Z77bQeiieqcAbncAEe3EELnqEDPjBA+IQv+CYN8kTa5OV/tEKKnVMoiQS/rztwwg==</latexit>

M

<latexit sha1_base64="7cR6DDm+VkLVVgFMjg+80isLPls=">AAABoHicZY85T8NAEIVnwxXCZaCkQXFDgSIbcZVBNGkQCZBDJFa0XibJKrvrlXeNFFnpaWjht/FvMMGNk9fMp3kzozehFtxYz/shpbX1jc2t8nZlZ3dv/8A5POqYKIkZtlkkorgXUoOCK2xbbgX2dIxUhgK74fT+z+++Y2x4pF7sTGMg6VjxEWfUZq3nh+HT0HG9mrfQ6Sr4ObiQqzl0PgZvEUskKssENabve9oGKY0tZwLnlUFiUFM2pWPsZ6ioRBOki6gFM6XSSGon51k1MxkWTT2ZGc7M0jk7ug1SrnRiUbF5Ft1fDroKnYuaf127al269bv8iTKcQBXOwIcbqEMDmtAGBmP4hC/4JlXSII+k9T9aIvnOMRREXn8B0pNxhw==</latexit>

MR

<latexit sha1_base64="CwulivhE9uTIKguITQk6mJVEoQw=">AAABnnicZY9NS8NAEIZn61etX1WPXoq5eJCSiF/HiihexBZMG2hD2azTdunuZsluhBJ6F7zqj/PfGGsuad/LPMw7M7wTacGNdd0fUllb39jcqm7Xdnb39g/qh0ddE6cJQ5/FIk6CiBoUXKFvuRUY6ASpjAT2oun9n997x8TwWL3amcZQ0rHiI86ozVudh2HdcZvuQo1V8ApwoFB7WP8YvMUslagsE9SYvudqG2Y0sZwJnNcGqUFN2ZSOsZ+johJNmC2ClsyMSiOpnZzn1cxkVDb1ZGY4M0vn7Og2zLjSqUXF5nl0bznoKnQvmt5186pz6bTuiieqcAKncAYe3EALnqANPjBA+IQv+CYN8kieycv/aIUUO8dQEgl+AaVrcLo=</latexit>

E

<latexit sha1_base64="FiAjeN0PWd5dIqt72gVUk4pXl+M=">AAABoHicZY9NT8JAEIZn8QvxC/XoxdCLB0NaI+oR44WboBaI0JDtOsCG3e2muzVpGu5evOpv899YsRfgvcyTeWcm74RacGNd94eUNja3tnfKu5W9/YPDo+rxSddESczQZ5GI4n5IDQqu0LfcCuzrGKkMBfbC2cOf33vH2PBIvdhUYyDpRPExZ9Tmredk9DSqOm7dXeh8HbwCHCjUHlU/hm8RSyQqywQ1ZuC52gYZjS1nAueVYWJQUzajExzkqKhEE2SLqEtmRqWR1E4v82pSGS6bepoazszKOTu+CzKudGJRsXke3VsNug7dq7p3U290rp3mffFEGc6gBhfgwS00oQVt8IHBBD7hC75JjbTII+n8j5ZIsXMKSyKvvwQCca8=</latexit>uR

<latexit sha1_base64="JIvZO1BvTvCPr49O07KtiMs/6V4=">AAABqnicZY/LTgJBEEWr8YX4Ql26MbJxQciM8bXEuHFjgkYeBiakpymgQ3dPO11jJBP2/oFb/Sz/RsDZAHdTJ3WrKrdCq6Qjz/tlubX1jc2t/HZhZ3dv/6B4eNRwURILrItIRXEr5A6VNFgnSQpbNkauQ4XNcHQ/85vvGDsZmRcaWww0HxjZl4LTtBU8djuEH5SqiPcm3WLJq3hzna6Cn0EJMtW6xc9OLxKJRkNCcefavmcpSHlMUiicFDqJQ8vFiA+wPUXDNbognYdeMFOuneY0LE+rG+tw0bTDsZPCLZ2j/m2QSmMTQiNm0f3loKvQuKj415Wrp8tS9S57Ig8ncAbn4MMNVOEBalAHAW/wBd/ww8rsmb2y9v9ojmU7x7Ag1vsDxe52Ug==</latexit>

Mload

<latexit sha1_base64="unyrS9cgVK3/5hWKXl26KOtKM2A=">AAABoHicZY9NT8JAEIZn8QvxC/XoxdCLB9O0xq8jxgs3IVogQkO261A27G433a0Jabh78aq/zX9jxV6A9zJP5p2ZvBNpwY31vB9S2djc2t6p7tb29g8Oj+rHJ12TZCnDgCUiSfsRNSi4wsByK7CvU6QyEtiLpo9/fu8dU8MT9WJnGkNJY8XHnFFbtJ75KB3VHc/1FjpfB78EB0q1R/WP4VvCMonKMkGNGfietmFOU8uZwHltmBnUlE1pjIMCFZVownwRdcnMqTSS2sllUc1MRsumnswMZ2blnB3fhzlXOrOo2LyI7q8GXYfulevfujeda6f5UD5RhTNowAX4cAdNaEEbAmAQwyd8wTdpkBZ5Ip3/0Qopd05hSeT1FxxyccM=</latexit>

ir

Figure 3.14: “Bond graph model of a DC shunt motor.” [LLL25]

current ir through the rotor coil. The inductance of the rotor coil is represented by the
I-element (generalized inductor) with inductance Lr, while an I-element representing
the stator coil inductance is omitted. The (steady-state) stator coil current is is instead
entirely determined by the R-element (generalized resistor) at the top representing the
coil’s electrical resistance Rs. The magnetic flux of the stator coil bs is then obtained as
the signal that results from multiplying the signal is, which is the shared effort variable
at the upper 1-junction, with the constant gain Ls. The bond graph hence combines
energy-based modeling with signal-based modeling based on block diagrams. At the
1-junction on the left, the source voltage E is equal to the sum of the voltage over the
rotor coil inductance Lr, the voltage uR over the rotor coil resistance Rr, and the induced
(back EMF) voltage ur. The latter is determined by the MGY-element (modulated gy-
rator), which describes the coupling of the electrical and the mechanical parts. The
gyrator ratio is the signal bs coming from the gain block. At the gyrator, the effort vari-
able of one port is equal to the product of the gyrator ratio and the flow variable of the
other port. On the mechanical side, the load torque Mload ≤ 0 is modeled by the effort
source on the right, while the rotor’s angular mass Jr is represented by an I-element.
At the 1-junction the sum of the generated torque M and the load torque Mload is equal
to the sum of the torque accelerating the angular mass and the friction torque MR. The
latter is the product of the friction coefficient dr and the angular velocity ω . Putting all
this together, the bond graph gives the system of ordinary differential equations

Lr
dir
dt

= E −ur −uR

Jr
dω

dt
= M−MR +Mload ,
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3.4 DC shunt motor

where

is =
1
Rs

E

bs = Ls is
ur = bs ω

M = bs ir
MR = dr ω

uR = Rr ir .

As already shown in Example 2.4.5, the EPHS model is specified as an interconnection
of two subsystems named stator and rotor. The two systems have a common electric
energy domain represented by the junction with connected ports named q. The kinetic
energy domain of the rotor is represented by the junction with connected ports named
p. Both energy domains are exposed such that the motor model can be integrated into
another system. The conversion between electric and kinetic energy in the rotor de-
pends on the state of the magnetic energy domain of the stator, which is represented by
the junction with connected state ports named bs.

stator

emc

coil

res

env

sq bₛ

Figure 3.15: “Interconnection pattern of the stator model.” [LLL25]

The interconnection pattern of the stator model is shown in Figure 3.15. Box emc

is filled by a reversible component that represents the coupling of the electric energy
domain associated with port q and the magnetic energy domain associated with port
bs. Box coil is filled by a storage component that represents the inductance of the
stator coil. Further, box res is filled by an irreversible component that represents the
resistance of the coil. Finally, box env is filled by an environment component whose
thermal energy domain associated with port s absorbs the dissipated electromagnetic
energy.
The reversible component (Iemc, Demc) is defined by its interface Iemc =({q, bs}, τemc)
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with

τemc(q) = ((R, charge), p)
τemc(bs) = ((R, flux_linkage), p)

and its Dirac structure Demc ⊂ PIemc given by[
q.f
bs.f

]
=

[
0 1
−1 0

] [
q.e
bs.e

]
.

The storage component (Icoil, Ecoil) is defined by its interface Icoil = ({bs}, τcoil) with
τcoil(bs) = ((R, flux_linkage), p) and its energy function Ecoil : XIcoil → R with
XIcoil = R ∋ bs.x= bs. The function is given by

Ecoil(bs) =
1

2Ls
b2

s ,

where the parameter Ls is the inductance. The effort variable bs.e = bs
Ls

is the current
through the coil.
The irreversible component (Ires, Ores) is defined by its interface Ires = ({bs, s}, τres)
with

τres(bs) = ((R, flux_linkage), p)

τres(s) = ((R, entropy), p)

and its Onsager structure Ores ⊂ Pres given by[
bs.f
s.f

]
=

1
θ0

Rs

[
θ −i
−i i2

θ

] [
bs.e
s.e

]
=

[
Rs i

− 1
θ

Rs i2

]
,

where the parameter Rs is the resistance of the coil, i = bs.e is the current through the
coil, and θ = θ0+s.e is the absolute temperature at which heat is dissipated into the
thermal energy domain.
The environment component is defined by the subinterface Ienv = {s} ⊆ IR.
The interconnection pattern of the rotor model is shown in Figure 3.16. The compo-
nents filling the boxes coil, emc, res and env are defined as for the stator model,
except for a different port name, namely b instead of bs, and different parameters,
namely Lr instead of Ls and Rr instead of Rs. Further, box mkc is filled by a reversible
component that describes the coupling of the magnetic energy domain associated with
port b and the (rotational) kinetic energy domain associated with port p. This coupling
depends on the magnetic flux bs.x that is generated by the stator coil. Box mass is
filled by a storage component that represents the rotor’s angular mass and box mf is
filled by an irreversible component that represents its mechanical friction.
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rotor

emc

coil

mkc

res

mass

mf

env

bₛ

s

q b p

Figure 3.16: “Interconnection pattern of the rotor model.” [LLL25]

The reversible component (Imkc,Dmkc) is defined by its interface
Imkc = ({b, p, bs}, τmkc) with

τmkc(b) = ((R, flux_linkage), p)

τmkc(p) = ((R, angular_momentum), p)

τmkc(bs) = ((R, flux_linkage), s)

and its Dirac structure Dmkc ⊂ PImkc given by[
b.f
p.f

]
=

[
0 bs.x

−bs.x 0

] [
b.e
p.e

]
.

The storage component (Imass, Emass) is defined by its interface Imass = ({p}, τmass)
with τmass(p) = ((R, angular_momentum), p) and its energy function
Emass : XImass → R with XImass = R ∋ p.x= p. The function is given by

Emass(p) =
1

2Jr
p2 ,

where the parameter Jr is the angular mass.
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The irreversible component (Imf,Omf) is defined by its interface Imf = ({p, s}, τmf)
with

τmf(p) = ((R, angular_momentum), p)

τmf(s) = ((R, entropy), p)

and its Onsager structure Omf ⊂ PImf given by[
p.f
s.f

]
=

1
θ0

dr

[
θ −υ

−υ
υ2

θ

] [
p.e
s.e

]
=

[
dr υ

− dr υ2

θ

]
,

where the parameter dr is the mechanical friction coefficient, υ = p.e is the angular
velocity, and θ = θ0+s.e is the absolute temperature at which heat is dissipated into
the thermal energy domain.
We write (bs, b, p, s) ∈ R4 for the state of the interconnected motor model, where we
identify the entropy state variables s of both environment components. In a future work,
the identification of environment components can be formalized by composing with a
suitable relation. The EPHS model then yields the equations

ḃs = q.e−Rs is

ḃ = q.e−Rr ir −bs ω

ṗ = bs ir −dr ω +p.f

ṡ =
1
θ0

(
Rs i2s +Rr i2r +dr ω

2
)

q.f = is + ir
p.e = ω ,

where

is =
1
Ls

bs

ir =
1
Lr

b

ω =
1
Jr

p ,

which are similar to the equations for the bond graph model, except that (1) the source
of electrical energy and the mechanical load are regarded as external dynamical sys-
tems, rather than internal constants, and (2) no quasi-static assumption is hence made
for the magnetic field of the stator.” [LLL25] A discussion of the differences between
bond graphs and the EPHS language follows in Section 6.1.
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Chapter 4

Multibody systems

The examples considered so far have focused on systems whose state space is a finite-
dimensional vector space. This chapter demonstrates that the EPHS framework can also
be applied to systems evolving on more general finite-dimensional Lie groups. Specif-
ically, we examine multibody systems as an example and show how the compositional
approach abstracts away complex mathematical details, enabling users to work at the
level of bodies, joints, and potentially higher-level building blocks. Moreover, we show
how this approach lines up with a variational modeling approach.
“The pattern shown in Figure 4.1 defines a composite system in terms of three intercon-
nected subsystems. The name mbs (short for multibody system) is akin to a function
name, while b1, b2 and j are analogous to argument names. Specifically, the round in-
ner boxes b1 and b2 represent two rigid body models and j represents a joint model. At
this level, extending the multibody system to include more bodies and joints becomes
conceptually very simple.” [LCL24]

mbs (multibody system)

p p

p₂p₁

b₁

j

b₂

Figure 4.1: “Interconnection pattern for a multibody system consisting of two bodies b1
and b2 connected by a joint j. Port b1.p (b2.p) exposes the kinetic energy
domain of the first (second) body, which is shared with the joint via its port
j.p1 (j.p2).” [LCL24]



Chapter 4 Multibody systems

4.1 Related work

“The presented approach to expressing multibody systems is closely related to the work
of Sonneville and Brüls [SB14; Son15], in the sense that essentially the same vari-
ables and constraints are used. In particular, it is assumed that a joint restricts the
relative motion of the connected bodies to a subgroup of SE(3). Important examples
are the so-called lower kinematic pairs, see Section 4.4. Sonneville and Brüls noticed
that their modular description is well-suited for a ‘finite element-like assembly proce-
dure’ [SB14]. We take this a step further, demonstrating that it can be integrated into
a compositional framework for multiphysics modeling. The structural properties of
EPHS require that mechanical friction in the joints be modeled in a thermodynamically
consistent manner, thereby facilitating the straightforward inclusion of thermal dynam-
ics.
Our work is somewhat related to previous work on the port-Hamiltonian modeling of
multibody systems [Str01; MM08], where equations for body and joint models are writ-
ten in port-Hamiltonian form and the interconnected models are represented using bond
graphs. The lack of a formally precise link between bond graphs and port-Hamiltonian
systems has been a major motivation for developing EPHS as a modeling language with
a native graphical syntax.
We show that the presented EPHS models directly agree with equations obtained from a
suitable variational principle. Specifically, we use the Lagrange-d’Alembert-Pontryagin
principle for implicit Lagrangian systems with constraints and external forces [YM06].
Since the models use velocity, momentum and force variables expressed in a body-
fixed reference frame, we adopt the left-trivialized version of the principle, as stated,
e.g., in [BM08]. To model bodies and joints as separate subsystems, we apply the
tearing and interconnection approach for implicit Dirac-Lagrange systems developed
in [OY14]. In order to obtain a thermodynamically consistent description of mechanical
friction, we incorporate a constraint of thermodynamic type [GY17; GY20].” [LCL24]

4.2 Outline

Section 4.3 defines the rigid body model and Section 4.4 defines the joint model. “For
both models, it is shown that the resulting evolution equations directly agree with those
obtained from the Lagrange-d’Alembert-Pontryagin principle for implicit Lagrangian
systems. Section 4.5 shows the system of differential-algebraic equations that is ob-
tained from both the EPHS model and the variational model of the basic multibody
system. Section 4.6 concludes with a discussion of the results and directions for further
research.” [LCL24]
“Appendix A provides an introduction to the geometric description of multibody sys-
tems.” [LCL24]
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4.3 Rigid body model

4.3 Rigid body model

“In the first part of this section, we define parameters, configuration and velocity vari-
ables as well as energy functions for a rigid body. In the second part, we complete the
EPHS model of a rigid body. In the third part, we show that the resulting evolution
equations agree with the Lagrange-d’Alembert-Pontryagin principle.

4.3.1 Description of the rigid body

Let the considered rigid body (B, ρ) be characterized by a set of points B ⊂ E 3 that
represents its reference configuration and by a function ρ : B → R that gives its mass
density.
We assume a body-fixed frame B such that the center of mass of the body coincides
with the origin of B, i.e. ∫

B
ρ BrBP d3P = 0 .

Here, we integrate over all points P ∈B. Based on the Euclidean structure, the integral
is computed separately for each component of BrBP.
Let q = (R, r) = (RIB, IrIB) ∈ G denote the configuration of the body and let q̇ =
(Ṙ, ṙ) = (ṘIB, I ṙIB) ∈ TqG denote its material velocity. Concerning left-trivialized
quantities, we henceforth simplify notation by implicitly identifying g and R6, i.e. we
omit the tilde symbol, whenever there is no ambiguity. For instance, we allow ourselves
to write u = TqLq−1(q̇) ∈ g, for the velocity. The same applies for forces and momenta
in g∗ ∼= (R6)

∗ ∼= R6.
The kinetic energy of the body in terms of the material velocity is given by∫

B

1
2

ρ ⟨ṙIP, ṙIP⟩d3P =
∫
B

1
2

ρ
(

I ṙIB + ṘIB BrBP
)T(

I ṙIB + ṘIB BrBP
)

d3P =: Tm(q̇) .

We note that a motion of the particle with reference position P ∈ B is described by a
curve on E 3. Based on the Euclidean structure, we have TE 3 ∼= E 3 ×E3 and hence the
time derivative of rIP(t)∈E3 is considered as a vector in TIE

3 ∼=E3. On the right hand
side of the above equation, the basis I is chosen, and the curve is parametrized based
on the configuration q. This gives an expression for the kinetic energy Tm : TG → R
in terms of the material velocity. Rewriting this in terms of the left-trivialized velocity
gives the expression∫
B

1
2

ρ
(
υ

T
υ + BrT

BP ω̃
T

ω̃ BrBP
)

d3P =
∫
B

1
2

ρ υ
T

υ d3P +
∫
B

1
2

ρ ω
T

Br̃T
BP Br̃BP ω d3P

for both group structures alike. Here, we used bilinearity and symmetry of the inner
product as well as Equation (A.4). The mixed terms vanished since the center of mass
coincides with the origin of B. By factoring u = (ω, υ) out of the integral, we obtain
the kinetic energy function T : g→ R given by

T (u) =
1
2

ω
T J ω +

1
2

mυ
T

υ (4.1)
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with the total mass m ∈ R and the moment of inertia tensor J : g→ g∗ given by

m =
∫
B

ρ d3P and J =
∫
B

ρ Br̃T
BP Br̃BP d3P .

Because ω is expressed in the body frame, it allows us to compute the kinetic energy
with minimal effort, especially if the basis B is chosen such that J is diagonal.
While one may choose any function V : G → R, we here assume that the potential
energy is given by

V (q) = mg(r) , (4.2)

where m is again the mass of the body and g ∈ (R3)∗ ∼=R3 is the gravity force covector
expressed in the dual basis of I. If a basis vector of I is aligned with the direction of
the gravitational force then g simply multiplies the respective component of r with the
gravitational constant.

4.3.2 EPHS model of the rigid body

We first define the primitive systems filling the four inner boxes of the pattern shown
in Figure 4.2, and then we state the equations resulting from the composite system.

b (body)

pq
pe pkc ke

lp

Figure 4.2: “Interconnection pattern for the rigid body model. Box pe represents stor-
age of potential energy, while box ke represents storage of kinetic energy.
Box pkc represents the reversible coupling between the potential energy do-
main, represented by the junction on the left, and the kinetic energy domain,
represented by the junction on the right. Box lp models the gyroscopic
forces (Lie-Poisson structure). The outer port exposes the kinetic energy
domain, which allows for instance the inclusion of joint reaction forces at
a higher level, where the body itself becomes a subsystem, see Figure 4.1
and Figure 4.4.” [LCL24]
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4.3 Rigid body model

Storage of kinetic energy

The storage component (Ike, Eke) filling the box ke is defined by its interface Ike =
({p}, τke) with τke(p) = ((g∗, momentum), p) and its energy function Eke : XIke → R
given by

Eke(p) =
1
2

pT
ω J−1 pω +

1
2m

pT
υ pυ

for any momentum p = (pω , pυ )∈ g∗ expressed in the body-fixed frame. Eke is related
to Equation (4.1) by a Legendre transformation, i.e. p = (pω , pυ ) = (J ω, mυ). The
semantics of (Ike, Eke) is then given by

ke.p.x = p = (pω , pυ ) ∈ g∗

ke.p.f = ṗ = (ṗω , ṗυ ) ∈ g∗

ke.p.e = dEke(p) = (J−1 pω , m−1 pυ ) = (ω, υ) ∈ g .

(4.3)

Gyroscopic effects

The reversible component (Ilp, Dlp) filling the box lp is defined by its interface Ilp =
({p}, τlp) with τlp(p) = ((g∗, momentum), p) and its Dirac structure Dlp given by[

lp.p.f
]
=
[
−ad∗(·)(lp.p.x)

] [
lp.p.e

]
, (4.4)

with ad∗u : g∗ → g∗ defined by Equation (A.7). The net power at the reversible compo-
nent

⟨p.e | p.f⟩ = ⟨p.e | −ad∗p.e(p.x)⟩ = −⟨adp.e(p.e) | p.x⟩

is zero, since the Lie bracket is antisymmetric and hence adp.e(p.e) = [p.e,p.e] = 0.
We note that Dlp is the Lie-Poisson structure obtained by symmetry reduction of the
canonical symplectic structure on T∗G, see [MR99; MRW84a].

Storage of potential energy

The storage component (Ipe, Epe) filling the box pe is defined by its interface Ipe =
({q}, τpe) with τpe(q) = ((G, pose), p) and its energy function Epe = V , see Equa-
tion (4.2). In the absence of potential forces, we simply let Epe(q) = 0. The semantics
of the storage component is given by

q.x = q = (R, r) ∈ G

q.f = q̇ = (Ṙ, ṙ) ∈ TqG

q.e = dEpe(q) = (0, mg) ∈ T∗
qG

(4.5)
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Potential-kinetic coupling

The reversible component (Ipkc,Dpkc) is defined by its interface Ipkc = ({q, p}, τpkc)
with

τpkc(q) = ((G, pose), p)

τpkc(p) = ((g∗, momentum), p)

and its Dirac structure Dpkc given by[
pkc.q.f
pkc.p.f

]
=

[
0 −TeLq

T∗
eLq 0

] [
pkc.q.e
pkc.p.e

]
, (4.6)

where q = pkc.q.x. On the one hand, this turns a left-trivialized velocity p.e into the
corresponding material velocity q.f and, on the other hand, it turns a gravity force
q.e given in the material description into the corresponding left-trivialized force p.f,
see Appendix A.8.

Interconnected body model

By eliminating interface variables, Equations (4.3) to (4.6) combined with those for the
interconnection pattern shown in Figure 4.2 are reduced to

q̇ = TeLq(u)

ṗ = ad∗u(p)−T∗
eLq( fq)+p.f

p.e = u ,

(4.7)

where u = dEke(p) and fq = dEpe(q).

4.3.3 Variational modeling of the rigid body

For modeling a rigid body as a subsystem of a multibody system, we use the Lagrange-
d’Alembert-Pontryagin principle as developed for interconnected Lagrangian systems
in [OY14]. We consider its left-trivialized version. Based on the identification TG ∼=
G×g, let the left-trivialized Lagrangian function L : G×g→ R be given by L(q, u) =
T (u)−V (q) with the kinetic energy T and the potential energy V defined by Equa-
tions (4.1) and (4.2). For some fixed time interval I = [t0, t1] ⊂ R and based on the
identification TG⊕T∗G ∼= G×g×g∗, we define the space of smooth curves

C =
{(

q, u, p
)

: I→ G×g×g∗ | q(t0) = q0 , q(t1) = q1

}
,

where q0, q1 ∈ G are some fixed endpoints of the curve q. In some technical sense, C
is an infinite-dimensional smooth manifold. The left-trivialized Hamilton-Pontryagin
action A : C → R is then defined by

A(q, u, p) =
∫ t1

t0

(
L(q, u) + ⟨p | TqLq−1(q̇)−u⟩

)
dt .
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4.4 Joint model

Let F ∈ g∗ denote the force acting on the considered body due to the tearing / inter-
connection of the multibody system. Although we omit the arguments, F hence is a
function of the configuration and velocity variables of the interconnected multibody
system. The Lagrange-d’Alembert-Pontryagin principle requires that

⟨dA(q, u, p) | (δq, δu, δ p)⟩ +
∫ t1

t0
⟨F | η⟩dt = 0 (4.8)

for all variations (δq, δu, δ p) ∈ TC and with the left-trivialized variation η given by
η = TqLq−1(δq). Due to the fixed endpoints, we have δq(t0) = δq(t1) = 0 and hence
also η(t0) = η(t1) = 0.
The variational condition in Equation (4.8) can be written as∫ t1

t0

(
⟨dT (u) | δu⟩ + ⟨−dV (q) | δq⟩+

⟨δ p | TqLq−1(q̇)−u⟩ + ⟨p | δ
(
TqLq−1(q̇)

)
⟩ + ⟨−p | δu⟩ + ⟨F | η⟩

)
dt = 0 .

Using the identity δ
(
TqLq−1(q̇)

)
= η̇ +adu(η), see [MRR91; Blo+96], and integration

by parts on the term containing η̇ , the variational condition can be written as∫ t1

t0

(
⟨dT (u) | δu⟩ + ⟨−T∗

eLq(dV (q)) | η⟩+

⟨δ p | TqLq−1(q̇)−u⟩ + ⟨−ṗ+ ad∗u(p) | η⟩ + ⟨−p | δu⟩ + ⟨F | η⟩
)

dt = 0 .

From this, it follows that

q̇ = TeLq(u)

p = dT (u)

ṗ = ad∗u(p)−T∗
eLq
(
dV (q)

)
+F .

It can be easily checked that this is equivalent to Equation (4.7) with p.f= F .” [LCL24]

4.4 Joint model

“We proceed as for the rigid body. First, we describe the joint, and then we complete
its EPHS model. Finally, we show that a variational modeling approach yields the same
evolution equations.

4.4.1 Description of the joint

The massless joint connects two bodies. The body-fixed frame B of the first body
and its corresponding configuration q are here denoted by B1 and q1 = (R1, r1) =
(RIB1 , IrIB1) ∈ G. Analogously, the body-fixed frame and the configuration of the sec-
ond body are denoted by B2 and q2 = (R2, r2) = (RIB2 , IrIB2) ∈ G.
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For each body, we define a second body-fixed frame, whose origin is located at the
joint force application point. For the first body, the joint frame and the corresponding
configuration are denoted by C1 and q j1 = (RIC1 , IrIC1) ∈ G. For the second body, we
analogously have C2 and q j2 = (RIC2 , IrIC2) ∈ G.
We want to describe the fixed offset between B1 and C1 by a relative pose o1 ∈ G
satisfying q j1 = q1 o1. As discussed in Appendix A.4, this implies

G = SO(3)×R3 : o1 = (RB1C1 , IrB1C1)

G = SO(3)⋉R3 : o1 = (RB1C1 , B1 rB1C1) .

The parameter o1, which describes where the joint is attached to the body, is constant
only if we choose the semidirect product. For the direct product, the description of
the fixed offset depends on the configuration of the body q1, making the parameter a
function o1(q1) = (RB1C1 , RIB1 B1 rB1C1). The offset o2 between B2 and C2 is defined
analogously.
The model assumes that the set of all relative poses of the two bodies, which are per-
mitted by the joint, form a Lie subgroup Ḡ of G. Important examples are the six lower
kinematic pairs, namely the revolute (or hinge) joint, the prismatic (or slider) joint, the
screw (or helical) joint, the spherical (or ball) joint, the cylindrical joint, and the pla-
nar joint. We denote the inclusion functions for the subgroup Ḡ and its associated Lie
algebra ḡ by

I : Ḡ ↪→ G

i : ḡ ↪→ g ,

where i = TeI. The relative pose qr ∈ Ḡ then satisfies the holonomic constraint

q j2 = q j1 I(qr) .

Analogously to the fixed offsets o1 and o2, this implies

G = SO(3)×R3 : I(qr) = (RC1C2 , IrC1C2)

G = SO(3)⋉R3 : I(qr) = (RC1C2 , C1 rC1C2) .

In the case of the direct product, the relative pose of the two bodies is not described
independently of their absolute pose, and thus it does not directly lie in a subgroup.
The relative pose thus needs to be defined as a function not only of qr, but also of q j1.
We choose to henceforth restrict our attention to the simpler case G = SO(3)⋉R3. The
motivation for this is twofold. First, presenting the models also for the direct product
would make the paper significantly longer and less easy to follow, as we would have to
define different interconnection patterns with extra state ports that share the additionally
required configuration variables. Also, various components would have to be defined
differently for the two cases. Second, it is argued in [SB14; Son15] that using a truly
relative description for the joints also brings about important advantages for numerical
simulation, as nonlinearities are reduced.
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4.4 Joint model

Summarizing the above for the henceforth considered case G = SO(3)⋉R3, the in-
volved configuration variables are related by the three constraints

q j1 = q1 o1

q j2 = q2 o2

q j2 = q j1 I(qr) ,

(4.9)

where the constant relative poses o1, o2 ∈ G are parameters and qr ∈ Ḡ is regarded as
the configuration of the joint itself. We now express these constraints on the velocity
level. Differentiating the first constraint yields q̇ j1 = TRo1(q̇1), where Ro1 denotes
right translation by o1. Rewriting this in terms of the left-trivialized velocities gives
TLq j1(u j1) = (TRo1 ◦TLq1)(u1). Solving for u j1 gives u j1 = Ado−1

1
(u1). Analogously,

differentiating the third constraint yields q̇ j2 = TRI(qr)(q̇ j1)+ (TLq j1 ◦TI)(q̇r). Using
TI(q̇r) = TLI(qr)(i(ur)), we can write this as u j2 = AdI(q−1

r )(u j1)+ i(ur). Hence, the
three constraints in terms of left-trivialized velocities are given by

u j1 = Ado−1
1
(u1)

u j2 = Ado−1
2
(u2)

0 = AdI(q−1
r )(u j1)−u j2 + i(ur) .

(4.10)

The joint model may include conservative internal forces that depend on the relative
configuration of the two bodies. These forces are determined by the potential energy
Vr : Ḡ → R. If no such forces are present, we simply let Vr(qr) = 0.
Finally, the joint friction is modeled by a non-negative definite 2-covariant tensor µ .
Seen as a linear map µ♭ : ḡ→ ḡ∗, it determines the friction force F fr(ur) = −µ♭(ur).
Hence, the dissipated power is given by ⟨µ♭(ur) | ur⟩= µ(ur, ur)≥ 0. For a non-linear
and possibly temperature-dependent friction model, we would define µ as a tensor-
valued function.

4.4.2 EPHS model of the joint

We first define the primitive systems filling the seven inner boxes of the pattern shown
in Figure 4.3, and then we state the equations resulting from the composite system.

Relative pose and storage of potential energy

The storage component (Ipe, Epe) filling the box pe is defined by its interface Ipe =
({qr}, τpe) with τpe(qr) = ((Ḡ, relative_pose), p) and its energy function Epe =Vr.
The semantics of the storage component is thus given by

pe.qr.x = qr ∈ Ḡ

pe.qr.f = q̇r ∈ Tqr Ḡ

pe.qr.e = dVr(qr) ∈ T∗
qr

Ḡ .

(4.11)
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j (joint)

p₁ p₂

pⱼ₁ pⱼ₂

qᵣ

s

pᵣ

pe

hc

o₁ o₂

pkc

mf

env

Figure 4.3: “Interconnection pattern for the joint model. Box hc represents the holo-
nomic constraint describing the joint kinematics. Boxes o1 and o2 take into
account the offset between the reference frame of one of the connected bod-
ies and the reference frame defining the respective joint force application
point. Box pe represents possible storage of potential energy, depending on
the relative pose of the two connected bodies. Box pkc represents the cou-
pling between the potential and kinetic energy domains of the joint. Box mf

represents the irreversible process of mechanical friction and box env rep-
resents the environment which directly absorbs the resulting heat.” [LCL24]
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Potential-kinetic coupling

The reversible component (Ipkc, Dpkc) filling the box pkc is defined by its interface
Ipkc = ({qr, pr}, τpkc) with

τpkc(qr) = ((Ḡ, relative_pose), p)

τpkc(pr) = ((ḡ∗, momentum), p)

and its Dirac structure Dpkc given by[
pkc.qr.f
pkc.pr.f

]
=

[
0 −TeLqr

T∗
eLqr 0

] [
pkc.qr.e
pkc.pr.e

]
, (4.12)

where qr = pkc.qr.x.

Offsets

The reversible component (Io1 , Do1) filling the box o1 is defined by its interface Io1 =
({p1, pj1}, τo1) with τo1(p1) = τo1(pj1) = ((g∗, momentum), p) and its Dirac structure
Do1 given by [

o1.p1.f

o1.pj1.e

]
=

[
0 −Ad∗o−1

1

Ado−1
1

0

] [
o1.p1.e

o1.pj1.f

]
. (4.13)

This describes the transformation of the velocity p1.e of the first body expressed in
frame B1 to the same velocity given in the joint frame C1 and dually the transformation
of the joint forces pj1.f expressed in frame C1 to the same forces expressed in B1.
The reversible component filling the box o2 is defined analogously using the offset
parameter o2.

Holonomic constraint

The reversible component (Ihc, Dhc) filling the box hc is defined by its interface Ihc =
({qr, pr, pj1, pj2}, τhc) with

τhc(qr) = ((Ḡ, relative_pose), s)

τhc(pr) = ((ḡ∗, momentum), p)

τhc(pj1) = τhc(pj2) = ((g∗, momentum), p)

and its Dirac structure Dhc given by[
f
0

]
=

[
C∗(qr)

−C(qr)

] [
e

λc

]
, (4.14)
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where

f =
(
hc.pj1.f, hc.pj2.f, hc.pr.f

)
e =

(
hc.pj1.e, hc.pj2.e, hc.pr.e

)
qr = hc.qr.x

and
C(qr) =

[
AdI(q−1

r ) −idg i
]
.

The Lagrange multiplier λc hence represents the joint forces expressed in frame C2.

Mechanical friction

The irreversible component (Imf, Omf) filling the box mf is defined by its interface
Imf = ({pr, s}, τmf) with τmf(pr) = ((ḡ∗, momentum), p), τmf(s) = ((R, entropy), p)
and its Onsager structure Omf given by[

mf.pr.f
mf.s.f

]
=

1
θ0

[
θ µ♭(·) −µ(ur, ·)

−µ(ur, ·) (·)
θ

µ(ur, ur)

] [
mf.pr.e
mf.s.e

]
=

[
µ♭(ur)

− 1
θ

µ(ur, ur)

]
,

(4.15)
where ur = pr.e is the relative velocity of the two bodies expressed in frame C1 and
θ = θ0 +s.e is the absolute temperature at which kinetic energy is dissipated into the
thermal energy domain. The exergy destruction rate is given by

⟨pr.e | pr.f⟩ + ⟨s.e | s.f⟩ = θ0
1
θ

µ(ur, ur) ≥ 0

and energy is conserved since[
θ µ♭(·) −µ(ur, ·)

−µ(ur, ·) (·)
θ

µ(ur, ur)

] [
ur
θ

]
=

[
0
0

]
.

Environment

The semantics of the environment component filling the box env is given by

env.s.x = s

env.s.f = ṡ

env.s.e = 0 .

(4.16)
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4.4 Joint model

Interconnected joint model

By eliminating interface variables, Equations (4.11) to (4.16) combined with those for
the interconnection pattern in Figure 4.3 are reduced to

q̇r = TeLqr (ur)

ṡ =
1
θ0

µ(ur, ur)

0 = T∗
eLqr

(
dVr(qr)

)
+ i∗(λc)+µ

♭(ur)

0 =
(
AdI(q−1

r ) ◦Ado−1
1

)
(p1.e)−Ado−1

2
(p2.e)+ i(ur)

p1.f =
(
Ad∗o−1

1
◦Ad∗I(q−1

r )

)
(λc)

p2.f = −Ad∗o−1
2
(λc) .

(4.17)

The left hand side of the third equation vanishes since there is no storage component
for kinetic energy. The fourth equation describes the joint kinematics. Together, these
equations determine the relative velocity ur and the joint reaction forces λc.

4.4.3 Variational modeling of the joint

For modeling a joint as a subsystem of a multibody system, we again use the left-
trivialized Lagrange-d’Alembert-Pontryagin principle, this time with the mechanical
constraints in Equation (4.10) as well as a constraint of thermodynamic type [GY20]
that describes the irreversible process of mechanical friction.
To reduce the number of variables, we choose to eliminate q j1 and q j2 upfront. We
hence consider the configuration space Q = G×G× Ḡ ∋ q = (q1, q2, qr). Regarding
the left-trivialized tangent bundle and velocities, we have TQ ∼= Q×U with U = g×
g× ḡ ∋ u = (u1, u2, ur). The Lagrangian L : Q×U ×R→ R is given by

L(q, u, s) = −Vr(qr)−θ0 s ,

where θ0 s is the internal energy of the isothermal environment. The left-trivialized
velocities, which are permitted by the joint in the relative configuration qr are given by

∆m(qr) =
{

u ∈U |
(
AdI(q−1

r ) ◦Ado−1
1

)
(u1)−Ado−1

2
(u2)+ i(ur) = 0

}
,

as can be seen by combining the three constraints in Equation (4.10). Regarding the
left-trivialized cotangent bundle, momenta, and forces, we have T∗Q ∼= Q×U∗ with
U∗ ∋ p = (p1, p2, pr) and U∗ ∋ f = ( f1, f2, fr). The admissible constraint forces do
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Chapter 4 Multibody systems

no virtual work for admissible virtual displacements and are consequently given by

∆
◦
m(qr) =

{
f ∈U∗ |∀η ∈ ∆m(qr) : ⟨ f | η⟩= 0

}
=
{

f ∈U∗ | f1 =
(
Ad∗o−1

1
◦Ad∗I(q−1

r )

)
(λc) ,

f2 =−Ad∗o−1
2
(λc) ,

fr = i∗(λc) , λc ∈ g∗
}
.

For some fixed time interval I= [t0, t1]⊂ R, we define the space of smooth curves

C :=
{(

q, u, p, s, us, ps
)

: I→ Q×U ×U∗×R×R×R∗ |q(t0) = q0 ,q(t1) = q1 ,

s(t0) = s0 , s(t1) = s1

}
,

where q0, q1 ∈ Q and s0, s1 ∈ R are fixed endpoints for the curves q and s. The left-
trivialized Hamilton-Pontryagin action A : C → R is then defined by

A(q, u, p, s, us, ps) =
∫ t1

t0

(
L(q, u, s)+⟨p1 | TLq−1

1
(q̇1)−u1⟩ + ⟨p2 | TLq−1

2
(q̇2)−u2⟩

+⟨pr | TLq−1
r
(q̇r)−ur⟩ + ⟨ps | ṡ−us⟩

)
dt .

Let Fj1, Fj2 ∈ g∗ denote the joint forces acting on the two connected bodies. Although
we omit the arguments, they are functions of the configuration and velocity variables of
the interconnected multibody system. The Lagrange-d’Alembert-Pontryagin principle
requires that

⟨dA(q, u, p, s, us, ps) | (δq, δu, δ p, δ s, δus, δ ps)⟩+∫ t1

t0

(
⟨Fj1 | η1⟩ + ⟨Fj2 | η2⟩

)
dt = 0

(4.18)

for all variations (δq, δu, δ p, δ s, δus, δ ps) ∈ TC and with left-trivialized variations
given by η = (η1, η2, ηr) =

(
TLq−1

1
(δq1), TLq−1

2
(δq2), TLq−1

r
(δqr)

)
. Additionally, the

curves q and u are subject to the mechanical constraint u ∈ ∆m(qr) with corresponding
variational constraint η ∈ ∆m(qr). Moreover, the curves s and u are subject to the
thermodynamic constraint ⟨ ∂L

∂ s (s) | us⟩ = ⟨F fr(ur) | ur⟩ with corresponding variational
constraint

⟨∂L
∂ s

(s) | δ s⟩ = ⟨F fr(ur) | ηr⟩ . (4.19)

Finally, we note that due to the fixed endpoints, we have δq(t0) = δq(t1) = 0 and hence
also η(t0) = η(t1) = 0 as well as δ s(t0) = δ s(t1) = 0.
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4.5 Basic multibody system

The variational condition in Equation (4.18) can be written as

∫ t1

t0

((
⟨−dVr(qr) | δqr⟩ + ⟨∂L

∂ s
(s) | δ s⟩

)
+(

⟨δ p1 | Tq1 Lq−1
1
(q̇1)−u1⟩ + ⟨p1 | δ

(
Tq1 Lq−1

1
(q̇1)

)
⟩ + ⟨−p1 | δu1⟩ + . . .

)
+(

⟨Fj1 | η1⟩ + ⟨Fj2 | η2⟩
)
+(

⟨
(
Ad∗o−1

1
◦Ad∗I(q−1

r )

)
(λc) | η1⟩ + ⟨−Ad∗o−1

2
(λc) | η2⟩ + ⟨i∗(λc) | ηr⟩

))
dt = 0 .

In the first line, we rewrite the first term in terms of ηr, and we replace the second term
with ⟨F fr(ur) | ηr⟩, according to Equation (4.19). In the second line, the ellipsis rep-
resents the nine analogous terms that arise when taking the variation of the remaining
three terms for the ‘kinematic constraints’ in the Hamilton-Pontryagin action. Since
there is no kinetic energy in the joint and ps = 0 in general, only the four ‘kinematic
constraints‘ q̇1 = TeLq1(u1), . . . remain as nontrivial equations. The last line is present
since by definition of ∆◦

m, any admissible constraint force f ∈ ∆◦
m(qr) can be added

without changing the left hand side of the variational condition. From this, we again
obtain Equation (4.17) with p1.f= Fj1 and p2.f= Fj2.” [LCL24]

4.5 Basic multibody system

“As stated in Figure 4.1 the considered multibody system comprises two bodies, as
defined in Section 4.3, which are connected by a joint, as defined in Section 4.4. [To
illustrate once more how hierarchical modeling ultimately implies an interconnection
of primitive systems, the flattened pattern is shown in Figure 4.4.]
By eliminating interface variables, two instances of Equation (4.7) with according sub-
scripts for the two bodies, Equation (4.17) for the joint, and the equations for the inter-
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mbs_flat

p₁ p₂pⱼ₁ pⱼ₂

qᵣ

s

pᵣ

pq p q
j.pe

j.hcj.o₁ j.o₂

j.pkc

j.mf

j.envb₁.pe

b₁.pkc

b₁.ke

b₁.lp

b₂.pe

b₂.pkcb₂.lp

b₂.ke

Figure 4.4: “The flattened interconnection pattern for the basic multibody system is
obtained by substituting the pattern in Figure 4.2 into the inner boxes b1
and b2 of the pattern in Figure 4.1 and further by substituting the pattern
in Figure 4.3 into the inner box j. Substitution implies that the shared en-
ergy domains (junctions) are identified. Consequently, the outer ports of
the body and joint systems are not present anymore in the flattened inter-
connection pattern.” [LCL24]

connection pattern in Figure 4.1 are reduced to

q̇1 = +TeLq1(u1) (4.20a)

ṗ1 = +ad∗u1
(p1)−T∗

eLq1( fq1)− (Ad∗o−1
1
◦Ad∗I(q−1

r ))(λc) (4.20b)

q̇2 = +TeLq2(u2) (4.20c)

ṗ2 = +ad∗u2
(p2)−T∗

eLq2( fq2)+Ad∗o−1
2
(λc) (4.20d)

q̇r = +TeLqr (ur) (4.20e)

0 = −T∗
eLqr ( fqr)−µ

♭(ur)− i∗(λc) (4.20f)

0 = +(AdI(q−1
r ) ◦Ado1)(u1)−Ado2(u2)+ i(ur) (4.20g)

ṡ = +
1
θ0

µ(ur, ur) , (4.20h)

where u1 = dEke,1(p1), u2 = dEke,2(p2), fq1 = dV1(q1), fq2 = dV2(q2) and fqr =
dVr(qr).
The same system of equations is obtained by concatenating the variational formulations
for the bodies as well as the joint and adding interconnection constraints that identify
the velocities u1 and u2 in the body and the joint models. Concerning the admissible
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forces, we have F1 +Fj1 = 0 and F2 +Fj2 = 0, where F1 and F2 denote the external
forces in the two body models.
The evolution of a multibody system is hence determined by a system of differential-
algebraic equations in Hessenberg form with index 2. The algebraic part in Equa-
tions (4.20f) and (4.20g) makes up for the two extra unknowns ur and λc. Regard-
ing time-discretization, the overdetermined index 2 system obtained by adding the
configuration-level constraint in Equation (4.9) should be considered to avoid drift.
When Equation (4.20h) for the thermal energy domain is omitted and the configuration-
level constraint is used instead of the velocity-level constraint in Equation (4.20g), one
obtains the index 3 system that coincides with the multibody formulation of Sonneville
and Brüls [SB14; Son15].” [LCL24]

4.6 Discussion

“The EPHS language enables users to develop complex models using building blocks
like the presented body and joint models, without requiring an in-depth understand-
ing of the involved mathematical details. While a minimal multibody system was se-
lected to clearly convey the form of the resulting evolution equations, adding further
bodies and joints is conceptually straightforward. Since the framework does not rely
on relative kinematics to describe the configuration of the bodies, it can accommo-
date mechanisms with closed kinematic loops. However, it might be that extra care is
required regarding the time-discretization of such systems and the solution of the re-
sulting discrete-time evolution equations. On the one hand, the presented multibody
framework requires a relatively large number of variables to be solved for during nu-
merical simulation. Specifically, each body has a SE(3)-valued configuration variable
with 6 degrees of freedom at the chart level and a 6-dimensional momentum or velocity
vector. Similarly, each joint has a group-valued configuration variable and a corre-
sponding momentum or velocity vector, each of a lower dimension, depending on the
type of joint. Additionally, there is a 6-dimensional vector of Lagrange multipliers rep-
resenting joint reaction forces. On the other hand, it has been demonstrated in [SB14;
Son15] that the reduced nonlinearity of this description leads to advantageous struc-
tural properties of the linear system of equations that must be repeatedly solved during
numerical simulations. This observation has been made in the context of a discretiza-
tion method that respects the Lie group structure, but not the variational structure of the
equations.” [LCL24]
“Future research should aim for a natural, structure-preserving time-discretization of
the presented framework. For a transformation from the continuous-time semantics
to a discrete-time semantics, naturality means that the transformation commutes with
the interconnection of systems. In other words, one should be able to interconnect the
discrete-time systems in exactly the same way as the continuous-time systems.” [LCL24]
Another crucial step is extending the EPHS.jl software package, particularly its under-
lying computational algebra system, to support the Lie group setting. “Further research
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Chapter 4 Multibody systems

can then explore how to increase computational efficiency by exploiting structural prop-
erties of the systems. Another interesting direction is to extend the framework to flexi-
ble multibody dynamics within the SE(3)-based framework [Son15]. Finally, it seems
both interesting and useful to explore how the structured approach to model specifica-
tion can be leveraged to automate aspects of control design.” [LCL24]
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Chapter 5

Fluid and plasma models

This chapter explores the application of the EPHS framework to spatially distributed
fluid models. Specifically, an ideal fluid model is used as a subsystem of a Navier-
Stokes-Fourier fluid model, which is then used as a subsystem of two plasma models.
The spatially distributed models are formulated using a coordinate-invariant approach.

5.1 Coordinate-invariant formulation

“Although less commonly used than the classically taught vector calculus (VC) formal-
ism, exterior calculus (EC) provides a powerful language for expressing physical laws
in a coordinate-independent and geometrically intuitive manner. While VC implicitly
relies on the Euclidean structure of the spatial domain, EC is based on more general
spaces, called Riemannian manifolds. It thereby separates different aspects that are in-
termingled in VC, such as differentiation, parameterization of the spatial domain with
coordinate charts and the use of its (not necessarily Euclidean) metric. At the same
time, EC unifies the derivative operators gradient, curl and divergence from VC into
one operator, called the exterior derivative. This is by virtue of a graded algebra: the
exterior algebra of a 3-dimensional vector space contains so-called k-vectors, which
can be thought of as oriented k-dimensional volumes for k = 0, . . . , 3. Rather than
working with scalar and vector fields, EC relies on the more nuanced concept of differ-
ential k-forms. A k-form on a manifold essentially provides, at each point, a ‘scale’ to
measure some quantity associated to k-vectors. A 0-form is a scalar field that measures
a quantity associated to points. A 1-form can be integrated along a curve, a 2-form
can be integrated over a surface and a 3-form can be integrated over a volume, giving
the total of the measured quantity in each case. The generalized Stokes theorem of EC
unifies the fundamental theorem of calculus (k = 1), the Stokes theorem (k = 2), and
the divergence theorem (k = 3). Integration is defined intrinsically on manifolds, mean-
ing without a dependence on specific coordinates or the Riemannian metric. Balance
equations can consequently be expressed in a way that essentially relies only on the
topology of the spatial domain, while the metric appears only in constitutive relations.
Thermodynamic models as well as computational models are commonly based on a
finite reticulation of the spatial domain. It hence can seem a bit odd that physical
modeling traditionally relies on differential calculus, with discretization coming as an
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unavoidable afterthought, see, e.g., [Ton14]. While we do not break with this tradi-
tion, we expect that the models presented here can be naturally transformed into finite-
dimensional EPHS based on discrete analogues of exterior calculus, see, e.g., [Hir03;
AFW10]. Discrete exterior calculus formulations of fluid models with variational struc-
ture are explored for instance in [Pav+11; CG22].” [LKL24]

5.2 Related work

Hamiltonian fluid mechanics

“The discovery of the geometry underlying classical fluid mechanics was pioneered
by Vladimir Arnold who found that Euler’s equation for a freely rotating rigid body
and Euler’s equation for an incompressible ideal fluid possess a similar noncanonical
Hamiltonian structure, see [Arn66; Arn69]. This so-called Lie-Poisson structure can
be derived via symmetry reduction. For a freely rotating rigid body, the canonical con-
figuration space is the Lie group of 3× 3 rotation matrices SO(3). The invariance (or
symmetry) of the Hamiltonian function (kinetic energy) under superimposed rotations
(left translation in group theory terms) leads to a reduced system with a Lie-Poisson
structure on the linear dual of the left Lie algebra so(3) associated with SO(3). This
gives an evolution equation for the momentum of the body expressed in a body-attached
frame. For an incompressible ideal fluid, the canonical Hamiltonian description tracks
fluid particles (Lagrangian viewpoint in continuum mechanics terms). The correspond-
ing canonical configuration space is the group of volume-preserving diffeomorphisms
on the spatial domain occupied by the fluid. For this to be a group (and for the system
to be autonomous), the assumption is made that the spatial domain has no boundary or
that the diffeomorphisms leave the boundary invariant, implying that the fluid velocity
is tangential to the boundary. The invariance of the Hamiltonian function under particle
relabling (right translation in group theory terms) similarly leads to a reduced system
with a Lie-Poisson structure on the linear dual of the right Lie algebra of the diffeomor-
phism group. This gives an evolution equation for the fluid momentum (or alternatively
for the fluid velocity) expressed in an inertial reference frame (Eulerian viewpoint in
continuum mechanics terms). For more details concerning Hamiltonian mechanics on
Lie groups and symmetry reduction, see e.g., [MA70; EM70; MR99].
Using a semidirect product of Lie groups, the geometric approach can be extended to
arbitrary rigid-body motions on the one hand and to compressible fluids on the other.
For rigid body dynamics, the semidirect product SE(3) = SO(3)⋉R3 also keeps track
of translations, which are acted upon by rotations. For compressible fluid dynamics, a
semidirect product additionally keeps track of mass and entropy (densities), which are
acted upon by diffeomorphisms (advection). More details can be found for instance
in [MRW84a; MRW84b].
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Port-Hamiltonian fluid dynamics

While the assumption that diffeomorphisms leave the boundary invariant is fundamen-
tal at the Lie group (configuration) level, it plays no important role at the Lie algebra
(velocity) level. Based on this observation, the Lie-Poisson structure can be general-
ized to a Stokes-Dirac structure [vM02], leading to a port-Hamiltonian model of (in-
compressible or compressible) ideal fluid dynamics that explicitly takes into account
energy exchange across the boundary of the spatial domain. This was first explored
in [vM01] and discussed in more detail in [Ras+21a; Ras+21b]. In Section 5.5, the
ideal fluid model is expressed using the EPHS language.
In [Cal+21], the port-Hamiltonian ideal fluid model is extended to account for the loss
of mechanical energy due to viscosity. The extension is based on an in-domain port,
which is closed with a resistive relation that removes energy. The resulting Navier-
Stokes model neglects the thermal energy domain, as its Hamiltonian storage function
represents only the mechanical energy (at the macroscopic level). The thermal energy
domain is neglected based on either the incompressibility or barotropicity assumption.
The latter assumes a compressible fluid whose internal energy, and hence also pressure,
depend solely on the mass density.
In [LL22b], it is briefly shown how to extend this to a thermodynamically-consistent
port-Hamiltonian Navier-Stokes-Fourier system. Its internal energy function not only
depends on the mass density but also on the fluid’s entropy. Moreover, a subsystem
representing the irreversible process of thermal conduction is added. The storage func-
tion of the port-Hamiltonian system is recognized as the exergy content of the fluid,
i.e. the amount of energy that is theoretically available to do work with respect to a fixed
reference environment, see [LKL21]. This enables the thermodynamically-consistent
combination of reversible and irreversible dynamics, as known from the metriplec-
tic [Mor86] or GENERIC [GÖ97] formalism. In Section 5.6, the Navier-Stokes-Fourier
fluid model is stated in a more detailed and improved manner.

Hamiltonian and metriplectic plasma models

Plasma, sometimes known as the fourth state of matter, refers to an ionized gas, i.e. a
gas consisting of free electrons and ions. A plasma hence is electrically conductive,
and it can excite and interact with electromagnetic waves. There is a vast zoo of plasma
models.
Kinetic theories describe the electron and the ion species separately in terms of a par-
ticle distribution function. In the non-dissipative case, collisionless plasmas can be
described by the Vlasov-Maxwell system with Hamiltonian structure [MW82]. In the
dissipative case, collisional plasmas can be described by the Vlasov-Maxwell-Landau
system having a metriplectic structure [HBB22].
Assuming local thermodynamic equilibrium, two-fluid theory is concerned with a con-
tinuum description, considering electrons and ions as separate fluid components with
their own mass density and velocity. In the non-dissipative case, a Hamiltonian two
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fluid-model is presented in [SK82].
Simplifying to a single fluid component, an electro-magneto hydrodynamic (EMHD)
model can be formulated, which has a parameter representing the effective charge per
unit of mass. For high-frequency electromagnetic waves, this parameter can be chosen
as the electron mass. Considering that electrons have a much smaller mass than ions,
the EMHD model then focuses on the motion of electrons and considers ions as a
stationary background. An ideal EMHD model with Hamiltonian structure is shown
in [PKG18]. In Section 5.8, a dissipative extension of this model is stated using the
EPHS language and exterior calculus.
Assuming high electric conductivity and quasi-neutrality, the influence of the electric
field is significant only on small time and length scales. Magneto hydrodynamics
(MHD) models hence neglect the displacement current term in Maxwell’s equations
and consider ions and electrons as a single conducting fluid. MHD models are com-
monly used in astrophysics and fusion research, when the characteristic time scales
of fluid motion are long compared to the timescales over which electric fields change
significantly. In the non-dissipative case, the Hamiltonian structure of MHD is shown
in [MG80] and a coordinate-invariant formulation using differential forms is presented
in [GV20]. In the dissipative case, a metriplectic model considering viscosity and elec-
tric resistivity is presented in [MT12]. In Section 5.9, a similar model is stated using the
EPHS language and exterior calculus. An extended MHD model considering thermo-
dynamic cross effects with metriplectic structure is derived in [CM20].” [LKL24]

5.3 Outline

“To get familiar with the EPHS framework, Section 5.4 considers an ideal barotropic
fluid model on a one-dimensional spatial domain. Section 5.5 states the EPHS model
of an ideal compressible fluid on a three-dimensional spatial domain, modeled as a
Riemannian manifold with boundary. Section 5.6 extends the ideal fluid model to
a Navier-Stokes-Fourier system by adding thermal conduction and viscosity models.
Section 5.7 states a Maxwell model describing the propagation of electromagnetic
waves. Section 5.8 combines the Navier-Stokes-Fourier system and the Maxwell sys-
tem into an electro-magneto hydrodynamics (EMHD) model that describes the mo-
tion of an electrically-charged fluid interacting with internally generated and externally
applied electric and magnetic fields. Section 5.9 presents a magneto hydrodynamics
(MHD) model that neglects the electric field, assuming that it evolves much faster than
the magnetic field. Section 5.10 concludes with a discussion.
Appendix B summarizes the exterior calculus formalism used in the main text.” [LKL24]

5.4 Ideal barotropic fluid model in 1D

“Here, we introduce the EPHS framework, considering a spatially-distributed system,
namely an ideal barotropic fluid on a one-dimensional spatial domain Z = [0, L] ⊂ R
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with L ∈ R>0 and coordinate z ∈ Z .

5.4.1 Syntax

A primary feature of the EPHS language is its graphical syntax. Expressions in the
syntax are called interconnection patterns, since their purpose is to specify how in-
creasingly complex systems can be formed by interconnecting simpler subsystems. The
pattern shown in Figure 5.1 is used to specify the considered fluid model in terms of
five subsystems. The round inner boxes represent (the interfaces of) the subsystems,
while the rectangular outer box represents the interface of the resulting composite sys-
tem. An interface is a collection of ports, which are drawn as lines emanating from the
respective box. For instance, box ke represents an interface with two ports named ps
and m. Similarly, the outer box represents an interface with two ports named bk and bm.
Ports are connected to junctions, which are drawn as black dots. To distinguish ports
with the same name belonging to different subsystem interfaces, the name of the box is
used as a prefix. For instance, the three ports ke.m, sa.m and pps.m are connected to the
same junction. In the graphical representation, the name of the port is normally written
next to the box to which it belongs but whenever ports connected to a junction have the
same name, we write it only once at the junction. This is the case with all port names
in Figure 5.1.
The language is termed compositional since expressions in the syntax can be hierar-
chically nested. When the outer interface of one expression equals, up to a given
renaming of ports, an inner interface of another expression, the two expressions can
be uniquely composed, giving a single expression [LLL25]. Consequently, complex
interconnection patters and models can be easily avoided by refactoring them into a
hierarchy of simple and reusable parts.

5.4.2 Semantics

The meaning of a composite system is determined by the meaning of its interconnection
pattern and the meaning of the subsystems that fill the inner boxes. The meaning of the
interconnection pattern arises from its junctions, where the connected ports can ex-
change energy and state information. Since subsystems may themselves be composite
systems, we note that the assignment of meaning to interconnection patterns is com-
patible with their composition. According to [LLL25], the semantics of composable
physical systems are defined mathematically in terms of certain types of relations and
their composition. However, for simplicity of exposition, we focus our attention on the
equations that define these relations. Instead of talking about composition of relations,
we thus speak about combining equations and eliminating common port variables.
Since a hierarchy of interconnection patterns can be uniquely flattened into a single pat-
tern, a composite system is ultimately given by an interconnection of primitive systems,
which are also called components. The different kinds of components are characterized
by a particular structure of their defining equations. Together with the structure of the
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pps
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ke

adv

ie

p

bₖ
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pₛ

bₘ

m

ibf (ideal barotropic fluid)

Figure 5.1: “Interconnection pattern for an ideal barotropic fluid model. Box ke repre-
sents storage of kinetic energy, which is exchanged both in terms of (spe-
cific) momentum via port ke.ps and mass via port ke.m. Box pps repre-
sents the reversible transformation between two different representations of
momentum, namely specific momentum (or velocity) exchanged via port
pps.ps and momentum density exchanged via port pps.p. As the transfor-
mation depends on the mass density, the box has a state port pps.m, drawn
as a dashed line. Box sa represents self-advection of kinetic energy and the
boundary port bk accounts for advection across the boundary ∂Z . Box ie

represents storage of internal energy, which is exchanged in terms of mass
via port ie.m. Box adv represents advection of internal energy in terms of
mass and the boundary port bm accounts for advection across the boundary
∂Z .” [LKL24]
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equations that give meaning to interconnection patterns, this guarantees, in particular,
that any model respects the first and the second law of thermodynamics.
The color filling of the inner boxes of an interconnection pattern is merely an annota-
tion, indicating what kind of system shall fill each box. The following list provides an
overview:

• Blue boxes are filled with storage components, which are primitive systems rep-
resenting storage of energy.

• Green boxes are filled with reversible components, which represent a reversible
coupling between energy domains, a reversible transformation, or a constraint.
Reversible components conserve energy, entropy, and exergy.

• Red boxes are filled with irreversible components, which model an irreversible
process. Irreversible components conserve energy, produce entropy, and destroy
exergy.

• Yellow boxes are filled with nested composite systems. A yellow box and the
outer box of the pattern of the nested system are identified.

5.4.3 Ports and interfaces

According to the definition of spatially-lumped systems in [LLL25], each port has two
attributes. One attribute is Boolean and distinguishes between state ports and power
ports. The other attribute assigns a physical quantity, along with an underlying state
space. At a junction, only ports with the same quantity (and state space) can be con-
nected. A state port, drawn as a dashed line, exchanges state information through its
state variable. This dynamic variable represents the physical quantity given by the re-
spective attribute, and it takes values in its underlying state space. A power port, drawn
as a solid line, also allows for energy exchange via two additional port variables called
flow and effort. These dynamic variables respectively take values in the tangent and
cotangent bundles over the port’s state space. The flow variable gives a rate of change
of the underlying state variable and the effort variable is defined such that the duality
pairing of both variables gives the (exergetic) power that is exchanged via the port.
Regarding spatially-distributed systems, we have to add some remarks:
1. State spaces depend on a spatial domain. For instance, the quantity associated to
port pps.m is (C∞(Z ), mass) ∈ Q, indicating that the port shares information about
the fluid’s mass density with the underlying state space being the space of smooth
functions on Z = [0, L]. The set Q contains the possible quantities (parametrized over
spatial domains). We write pps.m.x ∈C∞(Z ) to refer to the state variable, which, like
any port variable, implicitly depends on time.
2. Considering for instance the power port ke.m, the port variables take values in the di-
rect sum TX ⊕T∗X of the tangent and the cotangent bundle over the port’s state space
X = C∞(Z ). Based on the vector space structure of this infinite-dimensional state
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space, we identify TX ⊕T∗X ∼=X ×X ×X ∗ ∋ (ke.m.x, ke.m.f, ke.m.e). Glossing
over functional analytic aspects, we furthermore identify the dual space X ∗ with X
itself.
3. The duality pairing involves an integral over the spatial domain. For instance, port
ke.m shares information about mass through its state variable ke.m.x ∈ C∞(Z ), and it
can exchange energy by exchanging mass. Its flow variable ke.m.f ∈ C∞(Z ) equals
the rate at which mass is locally added to the system via the port and the corresponding
effort variable ke.m.e ∈ C∞(Z ) equals the amount of kinetic energy per unit of mass.
The duality pairing of the effort and flow variables is

⟨ke.m.e | ke.m.f⟩ =
∫ L

0
ke.m.e ·ke.m.f dz .

The net power supplied to the storage component is then given by ⟨ke.ps.e | ke.ps.f⟩+
⟨ke.m.e | ke.m.f⟩, and it equals the rate at which kinetic energy is stored in the domain
Z .
4. Two power ports may be fundamentally incompatible, despite having the same physi-
cal quantity. For instance, ports sa.m and adv.m both have the quantity (C∞(Z ), mass),
but for sa.m, mass carries kinetic energy, whereas for adv.m, it carries internal energy.
To safeguard against ill-formed connections at the level of syntax, we distinguish three
kinds of power ports using the symbols {k, p, i}. Here, k stands for kinetic or magnetic
energy, p stands for potential or electric energy, and i stands for internal energy. We
hence write ((C∞(Z ), mass), k) for the attributes of port sa.m and ((C∞(Z ), mass), i)
for the attributes of port adv.m.
5. While state and power ports model some coupling within the spatial domain, a
boundary port, drawn as an orange line, models energy exchange across the bound-
ary of the domain. A reversible or irreversible component that involves a differential
operator has one or more boundary ports. To obtain the power balance equation for
the component, integration by parts is used, and the resulting boundary terms are split
into the flow and effort variables of the boundary ports. These ports can then be used
to impose boundary conditions or to join instances of the same component defined on
neighboring domains. For instance, in Figure 5.1, the boundary ports of the reversible
components are exposed, allowing for such connections to be made at a higher level,
where the fluid model is seen as a subsystem. The flow variables sa.bk.f and adv.bm.f
are equal to the mass flow rate into the system across ∂Z . The effort variables sa.bk.e
and adv.bm.e respectively are equal to the amount of kinetic and internal energy per
unit of mass (except that the latter includes a shift by a chemical potential of the refer-
ence environment to give the amount of exergy). To assign meaning to interconnection
patterns, the attributes of a boundary port have to determine the spaces in which the
flow and effort variables take values. To safeguard against ill-formed connections at
the level of syntax, a hash value could be included as an attribute that identifies the
differential operator, and the splitting of the boundary term that leads to the boundary
port. We write B for the set of possible attributes of boundary ports, but we omit the
details for now.
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Formally, an interface I = (N, τ) is given by a finite set of ports N and a function
τ : N → Q⊔Q×{k, p, i}⊔B that assigns their attributes. For instance, the interface
Ike = (Nke, τke) defining the box ke is given by the set of ports Nke = {ps, m} and the
function τke determined by

τke(ps) = ((C∞(Z ), specific_momentum), k)

τke(m) = ((C∞(Z ), mass), k) .
(5.1)

5.4.4 Semantics of interconnection patterns

In general, the semantics of an interconnection pattern is given by three equations per
junction. The first one is called equality of state, as it demands equality of the state
variables of all connected ports. For instance, we have

ke.m.x = sa.m.x = pps.m.x . (5.2a)

Similarly, equality of effort requires the effort variables of all connected power ports to
be equal. We hence have

ke.m.e = sa.m.e . (5.2b)

Finally, equality of net flow demands that the sum of the flow variables of all connected
inner power ports is equal to the sum of the flow variables of all connected outer power
ports. For the present example, this gives

ke.m.f + sa.m.f = 0 , (5.2c)

where the right hand side is zero because no connected power port belongs to the outer
box. For a junction where boundary ports are connected, equality of effort and equality
of net flow apply in the same way.

5.4.5 Components

In this subsection, we discuss each of the five primitive subsystems.
The storage component (Ike, Eke) filling box ke is defined by its interface Ike, see Equa-
tion (5.1), and its energy function Eke : Xke → R. Here, Xke = C∞(Z )×C∞(Z ) is
given by the Cartesian product of the state spaces of the ports in Ike. The kinetic energy
is given by

Eke(υ , ρ) =
∫
Z

1
2
·ρ ·υ2 dz ,

where υ = ke.ps.x and ρ = ke.m.x are introduced for notational convenience. At a
storage component, the flow variables are the rates of change of the respective state
variables and the effort variables are the partial functional derivatives of the exergy
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function. For purely mechanical and electromagnetic forms of energy, the exergy func-
tion is equal to the energy function. We thus have

ke.ps.f = υ̇ (5.3a)

ke.ps.e = ρ ·υ (5.3b)

ke.m.f = ρ̇ (5.3c)

ke.m.e = υ
2/2 . (5.3d)

The stored power is consequently given by

Ėke =
∫
Z
(ke.ps.e ·ke.ps.f + ke.m.e ·ke.m.f)dz .

The storage component (Iie, Eie) filling box ie has the interface Iie = (Nie,τie) with
Nie = {m} and τie(m) = ((C∞(Z ), mass), i). Its energy function Eie : C∞(Z )→ R has
the form

Eie(ρ) =
∫
Z

U(ρ)dz ,

where U : R → R defines the internal energy of the barotropic fluid in terms of its
mass density ρ = ie.m.x. We note that internal energy refers to energy stored at
more microscopic scales, which are not resolved by the thermodynamic or macroscopic
model. The derivative µ = ∂U

∂ρ
is the chemical potential and the pressure is given by

π = µ ·ρ −U(ρ). This is seen by considering a control volume that is small enough
such that the contained fluid is in thermodynamic equilibrium. Let Ū(m, v) be the in-
ternal energy of the contained fluid, given in terms of its mass m and volume v. In
equilibrium thermodynamics, the chemical potential is defined by µ =

∂Ū(m,v)
∂m and the

pressure is defined by π =− ∂Ū(m,v)
∂v . Because mass, volume and energy are extensive

quantities, Ū is a homogeneous function of degree one, meaning that

∀c ∈ R>0 : c ·Ū(m, v) = Ū(c ·m, c · v) .

For c = 1m3/v, we get

Ū(m, v)
v

=
Ū(ρ ·1m3, 1m3)

1m3 =: U(ρ) ,

where ρ = m/v. Based on this, we obtain

µ =
∂Ū(m, v)

∂m
=

∂
(
v ·U(m

v )
)

∂m
=

∂U(ρ)

∂ρ

and

π = −∂Ū(m, v)
∂v

= −
∂
(
v ·U(m

v )
)

∂v

= −
(

U(ρ)+ v · ∂U(ρ)

∂ρ
·
(
− m

v2

))
= µ ·ρ −U(ρ) .
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Assuming that the exergy reference environment contains a mass species with chemical
potential µ0, the exergy storage function is, modulo an added constant, given by

Hie(ρ) =
∫
Z

(
U(ρ)−µ0 ·ρ

)
dz .

The flow and effort variables are then given by

ie.m.f = ρ̇ (5.4a)

ie.m.e = µ −µ0 . (5.4b)

Section 2.8.2 provides more insight regarding the use of exergy as a storage function
for the consistent combination of reversible and irreversible dynamics. We note that the
intensive quantities, which define the reference environment and are written in violet,
eventually cancel out in the evolution equations. Here, the presence of the mass species
in the environment and the resulting shift of the effort by µ0 are not substantial.
The reversible component (Ipps, Dpps) filling box pps has the interface Ipps =(Npps,τpps)
with Npps = {ps, p, m} and

τpps(ps) = ((C∞(Z ), specific_momentum), k)

τpps(p) = ((C∞(Z ), momentum), k)

τpps(m) = (C∞(Z ), mass) .

The reversible transformation between the two representations of momentum is ex-
pressed by the Dirac structure Dpps given by[

pps.ps.f
pps.p.e

]
=

[
0 −1/ρ

1/ρ 0

] [
pps.ps.e
pps.p.f

]
, (5.5)

where ρ = pps.m.x. Due to the skew-symmetry of the matrix in Equation (5.5), the net
power at the component vanishes, i.e.∫

Z
(pps.ps.e ·pps.ps.f+pps.p.e ·pps.p.f)dz = 0 .

The reversible component (Isa, Dsa) filling box sa has the interface Isa = (Nsa,τsa) with
Nsa = {ps, m, bk} and

τsa(ps) = ((C∞(Z ), specific_momentum), k)

τsa(m) = ((C∞(Z ), mass), k) .

In this article, we don’t specify the attributes of boundary ports. Self-advection of the
fluid’s kinetic energy is expressed by the Stokes-Dirac structure Dsa given by[

sa.ps.f
sa.m.f

]
=

[
0 ∂

∂ z (_)
∂

∂ z (_) 0

][
sa.ps.e
sa.m.e

]
(5.6a)[

sa.bk.f
sa.bk.e

]
=

[
−(_)|∂Z 0

0 (_)|∂Z

][
sa.ps.e
sa.m.e

]
, (5.6b)
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where _ denotes a placeholder for the respective component of the vector of effort
variables, ∂

∂ z is the spatial derivative, and |∂Z denotes restriction to the boundary. The

matrix in Equation (5.6a) is formally skew-symmetric, since the adjoint of ∂

∂ z (_) is

− ∂

∂ z (_). In other words, the minus sign required for skew-symmetry cancels with the
minus sign resulting from integration by parts. The net power at all three ports is zero,
since ∫

Z

(
ps.e ·ps.f + m.e ·m.f

)
dz =

∫
Z

∂

∂ z

(
ps.e ·m.e

)
dz

=
(
m.e ·ps.e

)
|z=L −

(
m.e ·ps.e

)
|z=0 = −

∫
∂Z

bk.e ·bk.f .

The ‘integral’ over ∂Z is simply the sum of the integrand evaluated at the two points,
taking into account their opposite orientation, i.e.∫

∂Z
(_)dz = (_)|z=L − (_)|z=0 . (5.7)

If the boundary port bk is not connected with another port, equality of net flow gives
bk.f= 0. This corresponds to an isolated boundary condition, since bk.f is the incom-
ing mass flux at the boundary.
The reversible component (Iadv, Dadv) filling box adv has the interface Iadv =(Nadv,τadv)
with Nadv = {p, m, bm} and

τadv(p) = ((C∞(Z ), momentum), p)

τadv(m) = ((C∞(Z ), mass), p) .

Advection of internal energy is expressed by the Stokes-Dirac structure Dadv given by[
adv.p.f
adv.m.f

]
=

[
0 ρ · ∂

∂ z (_)
∂

∂ z (ρ ·_) 0

][
adv.p.e
adv.m.e

]
(5.8a)[

adv.bm.f
adv.bm.e

]
=

[
−(ρ ·_)|∂Z 0

0 (_)|∂Z

][
adv.p.e
adv.m.e

]
, (5.8b)

where ρ = adv.m.x. Since, for any ϕ, ψ ∈C∞(Z ),∫
Z

ϕ · ∂

∂ z
(ρ ·ψ)dz = −

∫
Z

∂

∂ z
(ϕ) ·ρ ·ψ dz

+
∫

∂Z
ϕ ·ρ ·ψ dz ,

the adjoint of ∂

∂ z (ρ · _) is −ρ · ∂

∂ z (_). Thus, the matrix in Equation (5.8a) is formally
skew-symmetric. Again, we split the boundary term arising from integration by parts
into flow and effort variables of the boundary port such that bm.f = 0 is a physically
possible isolated boundary condition. Since adv.m.e = pps.p.e is the velocity, bm.f is
again the incoming mass flow rate. It can be easily checked that the net power at all
three ports is zero.
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5.4 Ideal barotropic fluid model in 1D

5.4.6 Composite system

Finally, we collect the equations that define the semantics of the composite system.
Combining Equations (5.3) to (5.6) and (5.8) with the equations associated to the inter-
connection pattern in Figure 5.1 (see Equation (5.2)) and eliminating port variables
gives the following system of equations for the composite system.
The equation for balance of mass is given by

ρ̇ = ke.m.f = −sa.m.f = − ∂

∂ z
(sa.ps.e)

= − ∂

∂ z
(ke.ps.e) = − ∂

∂ z
(ρ ·υ) .

This also follows if we start with ρ̇ = ie.m.f, since mass is a state variable for both
kinetic energy and internal energy.
The equation for balance of (specific) momentum reads

υ̇ = ke.ps.f = −sa.ps.f−pps.ps.f

= − ∂

∂ z
(sa.m.e)+

1
ρ
·pps.p.f

= − ∂

∂ z
(ke.m.e)− 1

ρ
·adv.p.f

= − ∂

∂ z

(1
2
·υ2
)
− 1

ρ
·ρ · ∂

∂ z
(µ −µ0)

= −υ · ∂υ

∂ z
− 1

ρ
· ∂π

∂ z
.

The last equality follows from

∂π

∂ z
=

∂

∂ z

(
µ ·ρ −U(ρ)

)
=

∂ µ

∂ z
·ρ +µ · ∂ρ

∂ z
− ∂U(ρ)

∂ρ
· ∂ρ

∂ z
,

where the last two terms cancel. The balance equation can be rewritten as

ρ ·
(

υ̇ + υ · ∂υ

∂ z

)
= −∂π

∂ z
,

which can be recognized as Newton’s second law of motion applied to a fluid parcel,
since the term in parentheses is the material derivative of the velocity.
Regarding boundary ports, the incoming mass flux at the boundary is given by
−(ρ ·υ)|∂Z = bk.f = bm.f. The effort variable bk.e = (υ2/2)|∂Z is the kinetic en-
ergy per unit of incoming mass. The chemical potential µ|∂Z = µ0 + bm.e is the
internal energy per unit of mass and bm.e = µ|∂Z − µ0 is the corresponding exergy
content.” [LKL24]
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int

kin
bₖ

bₛ

bₘ

f.p

f.m

f.s

if (ideal fluid)

Figure 5.2: “Interconnection pattern for an ideal fluid model. Box kin represents the
kinetic energy subsystem and box int represents the internal energy sub-
system. The boundary ports bk, bm and bs, which account for advection of
kinetic and internal energy across ∂Z , are not exposed, leading to a model
with impermeable boundary.” [LKL24]

5.5 Ideal fluid model

“In this section, we implement an EPHS model of an ideal compressible fluid, whose
spatial domain is a three-dimensional Riemannian manifold (Z , g) with boundary ∂Z ,
see Appendix B. We note that the fluid models in this and the next section can also
be used if the spatial domain is one- or two-dimensional. Regarding the equations,
nothing changes, except that in the two-dimensional case a few minus signs need to be
added in certain places, see [LL22b]. Similar to the port-Hamiltonian ideal fluid model
in [Ras+21a; Ras+21b], we view the model as being decomposed into a kinetic energy
system and an internal energy system, see Figure 5.2. The interconnection pattern
is redrawn in Figure 5.3, using a syntactic sugar called multiports. This means that
multiple ports with a common prefix are drawn as a single connection. The simplified
graphical representation implies that ports with the same name are connected. We note
that this does not change the mathematical content of an interconnection pattern, as
defined in [LLL25].

5.5.1 Kinetic energy system

The canonical definition of the kinetic energy system uses the interconnection pattern
in Figure 5.4 with a storage component filling box ke that models storage of kinetic
energy and a reversible component filling box sa that models self-advection of ki-
netic energy. We however work with the pattern shown in Figure 5.5. The additional
reversible component filling box pps performs a variable transformation between mo-
mentum density and specific momentum, which is equivalent to velocity. Using veloc-
ity as a state variable is common in fluid mechanics, and it simplifies the expression for
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int

kin
bₖ

bₛ

bₘ

f

if (ideal fluid)

Figure 5.3: “The pattern from Figure 5.2 is shown in a simplified form, where multi-
ple ports with a common prefix are drawn as a single line, called a multi-
port.” [LKL24]

the Stokes-Dirac structure that defines the reversible component in box sa, as shown
in [Ras+21a].
Next, we discuss each of the three primitive systems filling the inner boxes of the pat-
tern in Figure 5.5, and then we collect the equations that define the semantics of the
composite system.

Storage of kinetic energy

The fluid mass m̃ ∈ Ω̃3(Z ) is naturally expressed as a twisted 3-form, as its integral∫
Z m̃ gives the total mass. The mass density is then given by the Hodge dual ρ =
⋆m̃ ∈ Ω0(Z ). The velocity u ∈ Γ(TZ ) is naturally expressed as a vector field on
Z , since an integral curve of u describes the trajectory of a fluid particle. A force
ξ ∈ Γ(T∗Z ) acting on the fluid is understood as a covector field on Z , such that the
associated mechanical power is given by the duality pairing of force and velocity ⟨ξ | u⟩.
According to Newton’s second law, the time derivative of the momentum p is equal
to the force ξ acting on the fluid, i.e. ṗ = ξ . Hence, we also have p ∈ Γ(T∗Z ). The
specific momentum υ is then given by the covector field υ = p/ρ ∈Γ(T∗Z )∼=Ω1(Z ),
and it holds that u = υ♯.
We want to mention that momentum and forces can also be modeled as T∗Z -valued
twisted 3-forms. Applying the Hodge star to the form part of the momentum then
gives the specific momentum as a T∗Z -valued 0-form. Although this better reflects
the geometric nature of these quantities, we avoid bundle-valued forms, as they add
complexity, especially in terms of the notation. However, for modeling shear viscosity
in Section 5.6, bundle-valued forms become a necessity.
The storage component (Ike, Eke) filling box ke is defined by its interface
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sa

ke

bₖ
m

p
f.m
f.p

kin (kinetic energy system)

Figure 5.4: “Interconnection pattern for the canonical definition of the kinetic energy
system. Box ke represents storage of kinetic energy, which is exchanged in
terms of momentum via port ke.p and mass via port ke.m. Box sa repre-
sents self-advection of kinetic energy and the boundary port bk accounts for
advection across ∂Z . The outer port f.p allows for exchange of kinetic en-
ergy with other systems on the same domain Z and the outer state port f.m
shares information about the fluid mass with other systems on Z .” [LKL24]

pps

sa

ke
p

bₖ
m

pₛf.p
f.m

kin (kinetic energy system)

Figure 5.5: “Interconnection pattern of the kinetic energy system. In contrast to the
pattern in Figure 5.4, kinetic energy is expressed in terms of specific mo-
mentum (or velocity), rather than momentum density. To retain the same
outer interface, the additional box pps represents the reversible transforma-
tion between the two alternative state variables.” [LKL24]
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Ike = ({ps, m}, τke) with

τke(ps) = ((Ω1(Z ), specific_momentum), k)

τke(m) = ((Ω̃3(Z ), mass), k)

and its energy function Eke : Ω1(Z )× Ω̃3(Z )→ R given by

Eke(υ , m̃) =
∫
Z

1
2
· m̃ ·g(υ♯, υ

♯) =
∫
Z

1
2
· m̃ · ιυ ♯υ

(B.4)
=

∫
Z

1
2
· m̃ ·⋆(υ ∧⋆υ) =

∫
Z

1
2
·⋆m̃ · (υ ∧⋆υ) ,

where υ = ps.x and m̃ = m.x.
The effort variables are defined as the partial functional derivatives of the exergy storage
function Hke = Eke. For instance, ps.e= δυ Hke is defined by

Hke(υ + ε ·δυ , m̃) = Hke(υ , m̃) + ε ·
∫
Z

δυ Hke ∧δυ + O(ε2)

for ε → 0 and any δυ ∈ Ω1(Z ). The flow and effort variables are hence given by

ps.f = υ̇ ∈ Ω
1(Z ) (5.9a)

ps.e = ⋆m̃ ·⋆υ ∈ Ω̃
2(Z ) (5.9b)

m.f = ˙̃m ∈ Ω̃
3(Z ) (5.9c)

m.e = ⋆(υ ∧⋆υ)/2 ∈ Ω
0(Z ) . (5.9d)

The stored power is consequently given by

Ėke =
∫
Z
(ps.e∧ps.f + m.e∧m.f) .

Transformation between momentum and specific momentum

The reversible component filling box pps transforms between momentum density at
port p and specific momentum at port ps. More precisely, it relates the flow variable
p.f ∈ Ω1(Z ) representing an external force acting on the fluid to the flow variable
ps.f ∈ Ω1(Z ) representing the same force given per unit of mass, and dually, it relates
the effort variable ps.e = ⋆m̃ · ⋆υ ∈ Ω̃2(Z ) representing the mass flux to the effort
variable p.e= ⋆υ ∈ Ω̃2(Z ) representing the velocity or volume flux (i.e. fluid velocity
through area).
The reversible component (Ipps, Dpps) filling box pps is defined by its interface Ipps =
({ps, p, m},τpps) with

τpps(ps) = ((Ω1(Z ), specific_momentum), k)

τpps(p) = ((Ω1(Z ), momentum), k)

τpps(m) = (Ω̃3(Z ), mass)
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and its Dirac structure Dpps given by[
ps.f
p.e

]
=

[
0 −1/⋆m̃

1/⋆m̃ 0

] [
ps.e
p.f

]
, (5.10)

where m̃ = m.x.
Due to the skew-symmetry of the matrix in Equation (5.10), the net power at the com-
ponent vanishes, i.e. ∫

Z
(ps.e∧ps.f+p.e∧p.f)dz = 0 .

Self-advection of kinetic energy

The reversible component filling box sa models the self-advection of kinetic energy. It
encapsulates a generalization of the well-known Lie-Poisson structure for ideal fluids,
which includes boundary ports, see, e.g., [Ras+21a].
The reversible component (Isa, Dsa) filling box sa is defined by its interface Isa =
({ps, m, bk},τsa) with

τsa(ps) = ((Ω1(Z ), specific_momentum), k)

τsa(m) = ((Ω̃3(Z ), mass), k)

and the Stokes-Dirac structure Dsa given by[
ps.f
m.f

]
=

[
S(_) d(_)
d(_) 0

][
ps.e
m.e

]
(5.11a)[

bk.f
bk.e

]
=

[
−i∗(_) 0

0 i∗(_)

][
ps.e
m.e

]
, (5.11b)

where
S(_) =

1
⋆m̃

· ι(♯◦⋆)(_)dυ
(B.4)
= − 1

⋆m̃
·⋆
(
⋆(_)∧⋆dυ

)
and i∗ denotes the pullback along the inclusion i : ∂Z → Z .
The name Stokes-Dirac structure refers to the fact that Stokes theorem, see Equa-
tion (B.3), is used to define the boundary ports in Equation (5.11b) such that the for-
mally skew-symmetric operator matrix in Equation (5.11a) defines a power-preserving
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relation among all port variables:∫
Z

(
ps.e∧ps.f+m.e∧m.f

)
=∫

Z
ps.e∧

(
− 1
⋆m̃

·⋆
(
⋆(ps.e)∧⋆dυ

))
+∫

Z

(
ps.e∧d(m.e) + m.e∧d(ps.e)

)
=∫

Z
d(ps.e∧m.e) =

∫
∂Z

i∗(ps.e∧m.e) =∫
∂Z

i∗(ps.e)∧ i∗(m.e) = −
∫

∂Z
bk.e∧bk.f .

The term related to S on the second line vanishes since

ps.e∧⋆
(
⋆(ps.e)∧⋆dυ

)
= ⋆(ps.e)∧⋆(ps.e)∧⋆dυ = 0 .

Interconnected kinetic energy system

Combining Equations (5.9) to (5.11) with the equations for the interconnection pat-
tern in Figure 5.5 and eliminating port variables gives the following equations for the
composite system:

υ̇ = ⋆(υ ∧⋆dυ)−d
(
⋆(υ ∧⋆υ)/2

)
+

1
⋆m̃

·f.p.f (5.12a)

˙̃m = −d(⋆m̃ ·⋆υ) (5.12b)

f.p.e = ⋆υ (5.12c)

bk.f = −i∗(⋆m̃ ·⋆υ) (5.12d)

bk.e = i∗
(
⋆(υ ∧⋆υ)/2

)
. (5.12e)

The term d(⋆m̃ ·⋆υ) is equal to the Lie derivative Lum̃, since m̃ is advected by the
flow of the time-dependent vector field u = υ♯. The flow variable f.p.f represents an
external force acting on the fluid particles and the effort variable f.p.e is the velocity
(or volume flux through a surface). The flow variable bk.f is the incoming mass flux
through ∂Z and the effort variable bk.e is the kinetic energy per unit of mass.

5.5.2 Internal energy system

The internal energy system is defined by the interconnection pattern shown in Figure 5.6
with a storage component filling box ie that models storage of internal energy and a
reversible component filling box adv that models advection of internal energy.
Next, we discuss the two primitive systems filling the inner boxes of the pattern in Fig-
ure 5.6, and then we collect the equations that define the semantics of the composite
system.
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adv

ie

m
bₛ

s

bₘ
p

f.s

f.p

int (internal energy system)

Figure 5.6: “Interconnection pattern of the internal energy system. Box ie represents
storage of internal energy, which is exchanged in terms of entropy via port
ie.s and mass via port ie.m. Box adv represents advection of internal
energy and the boundary ports bs and bm account for advection across ∂Z .
The outer ports f.s and f.p respectively allow for exchange of thermal and
kinetic energy with other systems on the same domain Z .” [LKL24]

Storage of internal energy

The entropy of the fluid reflects incomplete information about its state at more mi-
croscopic scales, which are not resolved by the macroscopic model. Based on the
assumption of local equilibrium, thermodynamic properties of the fluid are defined by
a potential U : R×R → R, which yields the internal energy density U(⋆s̃, ⋆m̃) as a
function of the entropy density ⋆s̃ and the mass density ⋆m̃. Specifically, the inten-
sive quantities temperature θ , chemical potential µ , and pressure π are given pointwise
throughout Z by

θ =
∂U(⋆s̃, ⋆m̃)

∂ (⋆s̃)
(5.13a)

µ =
∂U(⋆s̃, ⋆m̃)

∂ (⋆m̃)
(5.13b)

π = θ ·⋆s̃ + µ ·⋆m̃ − U(⋆s̃, ⋆m̃) . (5.13c)

The last equation follows from a similar argument as given for the barotropic case
in Section 5.4.
The storage component (Iie, Eie) filling box ie is defined by its interface
Iie = ({s, m}, τie) with

τie(s) = ((Ω̃3(Z ), entropy), i)

τie(m) = ((Ω̃3(Z ), mass), i)
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and its energy function Eie : R→ R given by

Eie(s̃, m̃) =
∫
Z
⋆U(⋆s̃, ⋆m̃) ,

where s̃ = s.x and m̃ = m.x.
With θ0 and µ0 denoting the constant temperature and chemical potential of the ref-
erence environment, the exergy storage function is, modulo an added constant, given
by

Hie(s̃, m̃) =
∫
Z

(
⋆U(⋆s̃, ⋆m̃)−θ0 · s̃−µ0 · m̃

)
, (5.14)

see also Section 2.8.2. The flow and effort variables are thus given by

s.f = ˙̃s (5.15a)

s.e = θ −θ0 (5.15b)

m.f = ˙̃m (5.15c)

m.e = µ −µ0 . (5.15d)

Advection of internal energy

The reversible component filling box adv models advection of internal energy. The
effort variable adv.p.e provides the fluid velocity from the kinetic energy system, which
appears in the Lie derivative of entropy and mass. The flow variable adv.p.f is the force
resulting from local variations in pressure.
The reversible component (Iadv, Dadv) filling box adv is defined by its interface Iadv =
({p, s, m, bs, bm},τadv) with

τadv(p) = ((Ω1(Z ), momentum), k)

τadv(s) = ((Ω̃3(Z ), entropy), i)

τadv(m) = ((Ω̃3(Z ), mass), i)

and its Stokes-Dirac structure Dadv given by p.f
s.f
m.f

=

 0 ⋆s̃ ·d(_) ⋆m̃ ·d(_)
d(⋆s̃ ·_) 0 0
d(⋆m̃ ·_) 0 0

 p.e
s.e
m.e

 (5.16a)


bs.f
bs.e
bm.f
bm.e

=


−i∗(⋆s̃ ·_) 0 0

0 i∗(_) 0
−i∗(⋆m̃ ·_) 0 0

0 0 i∗(_)


 p.e

s.e
m.e

 , (5.16b)

where s̃ = s.x and m̃ = m.x.
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With the boundary ports defined in Equation (5.16b), the formally skew-symmetric
operator matrix in Equation (5.16a) defines a power-preserving relation among the port
variables: ∫

Z

(
p.e∧p.f+s.e∧s.f+m.e∧m.f

)
=∫

Z

(
⋆s̃ ·p.e∧d(s.e)+⋆m̃ ·p.e∧d(m.e)+

s.e∧d(⋆s̃ ·p.e)+m.e∧d(⋆m̃ ·p.e)
)
=∫

Z

(
d
(
s.e∧ (⋆s̃ ·p.e)

)
+d
(
m.e∧ (⋆m̃ ·p.e)

))
=∫

∂Z

(
i∗(s.e)∧ i∗(⋆s̃ ·p.e)+ i∗(m.e)∧ i∗(⋆m̃ ·p.e)

)
=

−
∫

∂Z

(
bs.e∧bs.f+bm.e∧bm.f

)
.

It can easily be verified that Equation (5.16a) satisfies the conditions for conservation
of entropy and mass, as d(θ0) = d(µ0) = 0, see [LLL25].

Interconnected internal energy system

Combining Equations (5.15) and (5.16) with the equations for the interconnection pat-
tern in Figure 5.6 and eliminating port variables gives the following equations for the
composite system:

˙̃s = −d(⋆s̃ ·f.p.e)+f.s.f (5.17a)
˙̃m = −d(⋆m̃ ·f.p.e) (5.17b)

f.p.f = dπ (5.17c)

f.s.e = θ −θ0 (5.17d)

bs.f = −i∗(⋆s̃ ·f.p.e) (5.17e)

bs.e = i∗(θ −θ0) (5.17f)

bm.f = −i∗(⋆m̃ ·f.p.e) (5.17g)

bm.e = i∗(µ −µ0) . (5.17h)

When interconnecting this model with the kinetic energy system, we have f.p.e= ⋆υ .
Hence, Equations (5.17a) and (5.17b) contain the Lie derivatives Lus̃ = d(⋆s̃ ·⋆υ) and
Lum̃ = d(⋆m̃ ·⋆υ), since s̃ and m̃ are advected by the flow of the time-dependent vector
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field u = υ♯. Equation (5.17c) follows from

dπ
(5.13c)
= ⋆s̃ ·dθ +θ ·d⋆s̃+⋆m̃ ·dµ +µ ·d⋆m̃

− ∂U(⋆s̃, ⋆m̃)

∂ (⋆s̃)
·d⋆s̃− ∂U(⋆s̃, ⋆m̃)

∂ (⋆m̃)
·d⋆m̃

= ⋆s̃ ·dθ +⋆m̃ ·dµ .

The flow variable f.s.f represents an external entropy source term and the effort vari-
able f.s.e is the temperature (relative to the reference environment). The flow variable
bs.f is the entropy influx across ∂Z and the effort variable bs.e is the temperature at
the boundary (relative to the environment). Similarly, the flow variable bm.f is the mass
influx across ∂Z and the effort variable bm.e is the chemical potential at the boundary
(relative to the environment).

5.5.3 Interconnected ideal fluid model

Combining Equations (5.12) and (5.17) with the equations for the interconnection pat-
tern in Figure 5.2 and eliminating port variables gives the following system of equations
on Z :

υ̇ = +⋆(υ ∧⋆dυ)−d
(
⋆(υ ∧⋆υ)/2

)
− 1

⋆m̃
·dπ +

1
⋆m̃

·f.p.f
(5.18a)

˙̃m = −d(⋆m̃ ·⋆υ) (5.18b)
˙̃s = −d(⋆s̃ ·⋆υ) + f.s.f (5.18c)

f.p.e = ⋆υ (5.18d)

f.s.e = θ −θ0 . (5.18e)

Moreover, the boundary conditions kin.bk.f= int.bm.f=−i∗(⋆m̃ ·⋆υ) = 0 and
int.bs.f=−i∗(⋆s̃ ·⋆υ) = 0 are implied.” [LKL24]

5.6 Navier-Stokes-Fourier fluid model

“In this section, we extend the ideal fluid model to a Navier-Stokes-Fourier (NSF)
model, which takes into account thermal conduction, volume viscosity, and shear vis-
cosity, see Figure 5.7. The simplified graphical representation of the interconnection
pattern using the multiport f hides to some extent that the NSF model has the same
outer interface as the ideal fluid model. The interface has a power port f.p to exchange
kinetic energy in terms of momentum, a power port f.s to exchange thermal energy in
terms of entropy, and a state port f.m to exchange information about the mass density.
Next, we discuss the three additional systems, and then we collect the equations for the
composite system.
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if

th

vol

shr

bᵥᵥ

bₜ

bₛᵥ

f

nsf (NSF fluid)

Figure 5.7: “Interconnection pattern of the Navier-Stokes-Fourier model. Box if rep-
resents the ideal fluid model from Section 5.5. Box th represents thermal
conduction. Boxes vol and shr represent volume and shear viscosity, re-
spectively. The boundary ports bt, bvv and bsv, which account for thermal
conduction and viscous transfer of momentum across ∂Z are not exposed,
leading to an isolated model.” [LKL24]
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5.6.1 Thermal conduction

Thermal conduction is a relaxation process that counteracts a non-uniform temperature
θ ∈ Ω0(Z ) with a diffusive heat flux φ̃ ∈ Ω̃2(Z ). Considering this process separately,
the first law states that the change of internal energy ũ = ⋆U(⋆s̃, ⋆m̃) ∈ Ω̃3(Z ) is due
to the heat flux φ̃ across the boundary ∂Z , i.e.∫

Z
˙̃u =

∫
∂Z

i∗(−φ̃)
(B.3)
=

∫
Z

d
(
−φ̃
)
.

Concerning the minus sign, we note that φ̃ represents the outgoing heat flux. While
this runs counter to the convention in thermodynamics, where incoming energy has a
positive sign, it aligns with the induced Stokes orientation on ∂Z , which is defined
based on an outward-pointing vector field. Since the same applies to any submanifold
of Z (control volume), the local energy balance equation ˙̃u = d

(
−φ̃
)

holds.
According to Fourier’s law, the heat flux is proportional to the local change in temper-
ature and goes from hot to cold. Specifically, it states that φ̃ = −κt · ⋆dθ , where the
thermal conductivity parameter κt ≥ 0 is constant or a function of θ .
Using the chain rule to expand the time derivative of ũ with respect to s̃ gives

˙̃u =
∂U(⋆s̃, ⋆m̃)

∂ (⋆s̃)
· ˙̃s = θ · ˙̃s .

The rate of entropy change due to thermal conduction is hence given by

˙̃s =
1
θ
· ˙̃u =

1
θ
·d
(
−φ̃
)
=

1
θ
·d(κt ·⋆dθ) . (5.19)

This dynamics is encapsulated by the following component.
The irreversible component (Ith, Oth) filling box th is defined by its interface Ith =
({f.s, bt},τth) with

τth(f.s) = ((Ω̃3(Z ), entropy), i)

and the Stokes-Onsager structure Oth given by

[f.s.f] =

[
− 1

θ
·d
(
⋆

(
κt ·θ 2 · 1

θ0
·d
(

1
θ
·_
)))]

[f.s.e] (5.20a)

bt.f = i∗
(

1
θ
·⋆
(

κt ·θ 2 · 1
θ0

·d
(

1
θ
·f.s.e

)))
bt.e = i∗(f.s.e) ,

(5.20b)

where θ = θ0 +f.s.e.
Equation (5.20a) simplifies to f.s.f=− 1

θ
·d(κt ·⋆dθ), since f.s.e= θ −θ0, see also Equa-

tion (5.18e), and d
(
θ−1)=−θ−2 ·dθ . Ignoring the advection term in Equation (5.18c)

and using balance of net flow gives ˙̃s = if.f.s.f=−th.f.s.f= 1
θ
·d(κt ·⋆dθ), which

agrees with Equation (5.19). Connecting this component with a storage component
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representing the thermal capacity of a solid hence results in a simple ‘heat equation’.
Concerning the boundary ∂Z , the flow variable bt.f= i∗( 1

θ
·(−φ̃))= i∗( 1

θ
·κt ·⋆dθ)∈

Ω̃2(∂Z ) is the entropy influx across ∂Z and the effort variable bt.e = i∗(θ −θ0) ∈
Ω0(∂Z ) is the temperature at the boundary (relative to the exergy reference environ-
ment).
According to [LLL25], an Onsager structure is a relation among flow variables f and
effort variables e that is of the form f = 1

θ0
·M(e)e, where M is a smooth function

that yields, for each value of the effort variable e, a symmetric non-negative definite
linear operator M(e), see also Section 2.8.2. Onsager reciprocal relations hold due to
the symmetry. The second law holds due to the non-negative definiteness. The first law
is ensured through the kernel of M(e) for each e. Specifically, conservation of energy
requires that M(e)e′ = 0, where e′ is e without any shifts by the constant intensive
properties of the reference environment.
For spatially-distributed systems, the symmetry of M(e) is made apparent by applying
integration by parts to obtain a weak form, where the boundary conditions are implicit.
Rather than stating the weak form with an arbitrary test function ψ ∈ Ω0(Z ), we fix
ψ = f.s.e, which directly leads to the following power balance equation:∫

Z
f.s.e∧f.s.f +

∫
∂Z

bt.e∧bt.f =

θ0·
∫
Z

1
θ0

·d
(

1
θ
·f.s.e

)
∧⋆

(
κt ·θ 2 · 1

θ0
·d
(

1
θ
·f.s.e

))
=

θ0

∫
Z

1
θ 2 ·dθ ∧⋆(κt ·dθ) ≥ 0

Replacing the first occurrence of the effort variable f.s.e on the first and second line
by an arbitrary test function ψ ∈ Ω0(Z ) gives the weak form. We can identify the
term 1

θ0
·d
( 1

θ
·f.s.e

)
=−d

( 1
θ

)
as the thermodynamic force that drives the irreversible

process. The map ⋆(κt · θ 2 · _) turns this into the thermodynamic flux −φ̃ . The inte-
grand is hence given by the product of force and flux, which gives the local entropy
production rate. Multiplying the integral with the leading factor θ0 gives the total ex-
ergy destruction rate due to thermal conduction. These rates are non-negative due to the
symmetry and non-negative definiteness. Since energy is exchanged at the boundary,
the condition ensuring conservation of energy only applies to the bulk part of the strong
form in Equation (5.20a). With e = f.s.e= θ −θ0 and e′ = θ , the condition is satisfied
since d

( 1
θ
· e′
)
= d(1) = 0.

5.6.2 Volume viscosity

When an ideal fluid contracts, kinetic energy is reversibly transformed into internal
energy, and vice versa for expansion. Volume viscosity is a relaxation process that
counteracts local changes in volume with a pressure-like quantity, which in particular
leads to a damping of acoustic waves.
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The Riemannian volume form ⋆1 ∈ Ω̃3(Z ) is the natural measure for volume. Its Lie
derivative Lu(⋆1) gives the rate of volume change for a fluid element moving with the
flow. We have

Lu(⋆1) = d(ιυ ♯(⋆1))
(B.4)
= d(⋆(υ ∧⋆⋆1)) = d⋆υ .

The Hodge dual ⋆d⋆υ ∈ Ω0(Z ) is equal to the divergence of the velocity vector field
u.
The pressure-like quantity that counteracts local changes in volume is modeled as
the divergence of the velocity multiplied by a volume viscosity coefficient µv ≥ 0,
which may depend on velocity and temperature. Consequently, the rate at which ki-
netic energy is dissipated into heat is given by the product of the pressure-like quantity
µv · ⋆d⋆υ ∈ Ω0(Z ) and the rate of volume change d⋆υ ∈ Ω̃3(Z ). The entropy pro-
duction rate is thus given by 1

θ
·µv · (⋆d⋆υ) · (d⋆υ) ∈ Ω̃3(Z ). This is encapsulated by

the following component.
The irreversible component (Ivol, Ovol) filling box vol is defined by its interface Ivol =
({f.p, f.s, bvv},τvol) with

τvol(f.p) = ((Ω1(Z ), momentum), p)

τvol(f.s) = ((Ω̃3(Z ), entropy), i)

and the Stokes-Onsager structure Ovol given by[
f.p.f
f.s.f

]
=

1
θ0

·
[

A(_) B(_)
C(_) D(_)

][
f.p.e
f.s.e

]
A(_) = −d

(
µv ·⋆d(_) ·θ

)
B(_) = +d

(
µv · (⋆d⋆υ) · (_)

)
C(_) = −µv ·⋆d(_) · (d⋆υ)

D(_) = +
1
θ
·µv · (⋆d⋆υ) · (d⋆υ) · (_)

(5.21a)

bvv.f = −i∗(f.p.e)

bvv.e = − 1
θ0

· i∗
(
µv ·⋆d(f.p.e) ·θ −µv · (⋆d⋆υ) ·f.s.e

)
,

(5.21b)

where ⋆υ = f.p.e and θ = θ0 +f.s.e.
Simplification of Equation (5.21a) yields the viscous force −f.p.f= d(µv ·⋆d⋆υ) and
the entropy production rate −f.s.f= 1

θ
·µv · (⋆d⋆υ) ·d⋆υ . Moreover, the flow variable

bvv.f=−i∗(⋆υ) is the velocity (or ‘volume influx’) across ∂Z and the effort variable
bvv.e= i∗(µv · (⋆d⋆υ)) is the pressure-like quantity at the boundary.
To show that Equation (5.21) defines a non-negative definite symmetric operator, we
again apply integration by parts to obtain a weak form with implicit boundary condi-
tions. Letting the test functions be equal to the effort variables f.p.e and f.s.e gives
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the following power balance equation:∫
Z
(f.p.e∧f.p.f+f.s.e∧f.s.f)+

∫
∂Z

bvv.e∧bvv.f =

1
θ0

·
∫
Z

[
+d(f.p.e)∧

(
µv ·⋆d(f.p.e) ·θ

)
−d(f.p.e)∧

(
µv · (⋆d⋆υ) ·f.s.e

)
−f.s.e∧

(
µv ·⋆d(f.p.e) · (d⋆υ)

)
+f.s.e∧

( 1
θ
·µv · (⋆d⋆υ) · (d⋆υ) ·f.s.e

)]
=

θ0 ·
∫
Z

1
θ
·µv · (⋆d⋆υ) ·d⋆υ ≥ 0 .

Since the terms on the second and fifth line are symmetric and positive and the terms
on the third and fourth line are equal, the operator is symmetric and non-negative def-
initeness follows from the final line. Again, the integrand is equal to the local entropy
production rate and multiplying the integral with the leading factor θ0 gives the total
exergy destruction rate due to volume viscosity.
Equation (5.21a) satisfies the condition for conservation of energy because A(⋆υ) +
B(θ) = 0 and B(⋆υ)+D(θ) = 0, where ⋆υ = f.p.e and θ = θ0 +f.s.e.

5.6.3 Shear viscosity

Here, we model an irreversible process that counteracts general deformations of the
fluid. As this includes expansion and contraction, there is some overlap with the model
for volume viscosity. Assuming that (Z , g) is Euclidean, the viscous stress tensor can
be split into an isotropic part corresponding to volume viscosity and a deviatoric part
corresponding to pure shear stress. As we do not know how to express this splitting
within the coordinate-invariant framework, we carry on, acknowledging that the pre-
sented shear viscosity model essentially adds more volume viscosity.
The covariant derivative, denoted by ∇, is used to determine local changes in the ve-
locity field u = υ♯ ∈ Γ(TZ ). Pairing the second leg of the ‘velocity gradient tensor’
field ∇u ∈ Γ(TZ )⊗Ω1(Z ) with a vector (field) gives the change of the velocity field
in the direction of the given vector (field).
The stress state due to shear viscosity is described by the viscous stress tensor field

T = µs ·⋆2

(
sym

(
♭1(∇u)

))
∈ Γ(T∗Z )⊗ Ω̃

2(Z ) .

The flat map ♭1 acts on the first leg of the TZ -valued 1-form ∇u, turning it into a T∗Z -
valued 1-form. The two legs of ♭1(∇u) ∈ Ω1(Z )⊗Ω1(Z ) are then symmetrized such
that the stress state described by T does not cause fluid elements to spin, as required for
conservation of angular momentum. The ‘strain rate tensor’ field sym(♭1(∇u)) is equal
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Figure 5.8: “Interconnection pattern of the shear viscosity model. The outer ports f.p
and f.s represent the kinetic and the thermal energy domain of the fluid.
Box sv represents the irreversible process of shear viscosity and the bound-
ary port bsv accounts for viscous transfer of momentum across ∂Z . Box
ppv represents the reversible transformation between the two different geo-
metric representations of momentum.” [LKL24]

to 1
2 ·Lug, see [GV23]. The Lie derivative of the metric g provides a natural measure

for deformation induced by the flow of u. The Hodge star ⋆2 acts on the second leg
of the strain rate tensor, yielding a T∗Z -valued twisted 2-form. Multiplication with
a shear viscosity coefficient µs ≥ 0, which may depend on velocity and temperature,
finally gives the stress tensor. Its first leg represents the traction force acting across
an oriented surface element that is given by a 2-vector paired with the second leg.
Moreover, pairing the first leg of T with the velocity field u leaves a twisted 2-form that
can be integrated over a surface S, yielding the rate of work P done by the stress on S,
see [Kan+07]. Using the duality pairing for bundle-valued forms in Equation (B.5), we
have P =

∫
S u∧̇T .

The net force resulting from the viscous stress T is given by the exterior covariant
derivative d∇(T )∈ Ω1(Z )⊗Ω̃3(Z ). The first leg represents the net force on a volume
element that is given by a 3-vector paired with the second leg. The rate at which kinetic
energy is dissipated into heat is given by

∫
Z ∇u∧̇T and the local entropy production

rate is hence given by 1
θ
·∇u∧̇T .

The interconnection pattern of the shear viscosity model is shown in Figure 5.8. First,
we discuss the reversible component that realizes the transformation between momen-
tum given as a 1-form and it being given as a T∗Z -valued twisted 3-form. Then, we
discuss the irreversible component that encapsulates the irreversible dynamics. Finally,
we collect the equations for the composite system.
The reversible component (Ippv, Dppv) filling box ppv is defined by its interface Ippv =
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({p, pv},τppv) with

τppv(p) = ((Ω1(Z ), momentum), k)

τppv(pv) = ((Γ(T∗Z )⊗ Ω̃
3(Z ), momentum), k)

and its Dirac structure Dppv given by[
p.f
pv.e

]
=

[
0 −⋆2(_)

♯(⋆(_)) 0

] [
p.e
pv.f

]
. (5.22)

To show that Equation (5.22) defines a power-preserving relation, without loss of gen-
erality, let p.e= ⋆υ and pv.f= α ⊗ (⋆1) for some υ ∈ Ω1(Z ) and α ∈ Γ(T∗Z ). We
then have ∫

Z
p.e∧p.f +

∫
Z
pv.e∧̇pv.f =

−
∫
Z
⋆υ ∧α +

∫
Z

υ
♯∧̇α ⊗ (⋆1) = 0 .

The last equality follows from

υ
♯∧̇α ⊗ (⋆1) = ⋆ιυ ♯α

(B.4)
= υ ∧⋆α = ⋆υ ∧α .

The irreversible component (Isv, Osv) filling box sv is defined by its interface Isv =
({pv, s, bsv},τsv) with

τsv(pv) = ((Γ(T∗Z )⊗ Ω̃
3(Z ), momentum), k)

τsv(s) = ((Ω̃3(Z ), entropy), i)

and the Stokes-Onsager structure Osv given by[
pv.f
s.f

]
=

1
θ0

·
[

A(_) B(_)
C(_) D(_)

] [
pv.e
s.e

]
A(_) = −d∇

(
µs ·⋆2(sym(♭1(∇(_)))) ·θ

)
B(_) = d∇

(
µs ·⋆2(sym(♭1(∇u))) · (_)

)
C(_) = −µs ·∇(_)∧̇⋆2(sym(♭1(∇u)))

D(_) =
1
θ
·µs ·∇u∧̇⋆2(sym(♭1(∇u))) · (_)

(5.23a)

bsv.f = −i∗2(pv.e)

bsv.e = − 1
θ0

i∗2
(
µs ·⋆2(sym(♭1(∇(pv.e)))) ·θ

−µs ·⋆2(sym(♭1(∇u))) ·s.e
) (5.23b)

where u = pv.e and θ = θ0 +s.e.
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5.6 Navier-Stokes-Fourier fluid model

Simplification of Equation (5.23a) yields the net viscous force −pv.f= d∇(T ) as well
as the entropy production rate −s.f = 1

θ
·∇u∧̇T . Further, the flow variable bsv.f =

−i∗2(u) ∈ Γ(TZ )⊗Ω0(∂Z ) is the velocity at the boundary expressed as a 2-point
tensor and the effort variable bsv.e= i∗2(T ) ∈ Γ(T∗Z )⊗ Ω̃2(∂Z ) is the viscous stress
tensor pulled back to the boundary as a 2-point tensor, see also [Cal+21].
To show that Equation (5.23) defines a non-negative definite symmetric operator, we
again apply integration by parts to obtain a weak form with implicit boundary condi-
tions. Letting the test functions be equal to the effort variables pv.e and s.e gives the
following power balance equation:∫

Z
pv.e∧̇pv.f +

∫
Z
s.e∧s.f+

∫
∂Z

bsv.e∧̇bsv.f =

1
θ0

·
∫
Z

[
+∇(pv.e)∧̇

(
µs ·⋆2(sym(♭1(∇(pv.e)))) ·θ

)
−∇(pv.e)∧̇

(
µs ·⋆2(sym(♭1(∇u))) ·s.e

)
−s.e ·

(
µs ·∇(pv.e)∧̇⋆2(sym(♭1(∇u)))

)
+s.e ·

( 1
θ
·µs ·∇u∧̇⋆2(sym(♭1(∇u))) ·s.e

)]
=

θ0 ·
∫
Z

1
θ
·∇u∧̇T ≥ 0 .

Again, the integrand is equal to the local entropy production rate and multiplying the
integral with the leading factor θ0 gives the total exergy destruction rate due to shear
viscosity.
Equation (5.23a) satisfies the condition for conservation of energy because A(u) +
B(θ) = 0 and B(u)+D(θ) = 0, where u = pv.e and θ = θ0 +s.e.
Combining Equations (5.22) and (5.23) with the equations for the interconnection pat-
tern in Figure 5.8 and eliminating port variables gives the following equations for the
composite system:

f.p.f = −⋆2 d∇T (5.24a)

f.s.f = − 1
θ
·∇u∧̇T (5.24b)

bsv.f = −i∗2(u) (5.24c)

bsv.e = i∗2(T ) (5.24d)

Here, u = ♯(⋆(f.p.e)), θ = θ0 +f.s.e and T = µs ·⋆2
(
sym

(
♭1
(
∇u
)))

.

5.6.4 Interconnected Navier-Stokes-Fourier model

Combining Equations (5.18), (5.20), (5.21) and (5.24) with the equations for the inter-
connection pattern in Figure 5.7 and eliminating port variables gives the following sys-
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tem of equations on Z :

υ̇ = +⋆(υ ∧⋆dυ)−d(⋆(υ ∧⋆υ)/2)− 1
⋆m

·dπ

+
1
⋆m̃

·d(µv ·⋆d⋆υ)

+
1
⋆m̃

·⋆2 d∇

(
µs ·⋆2(sym(∇υ))

)
+

1
⋆m̃

·f.p.f

(5.25a)

˙̃m = −d(⋆m̃ ·⋆υ) (5.25b)
˙̃s = −d(⋆s̃ ·⋆υ)

+
1
θ
·d(κt ·⋆dθ)

+
1
θ
·µv · (⋆d⋆υ) · (d⋆υ)

+
1
θ
·∇υ

♯∧̇
(
µs ·⋆2(sym(∇υ))

)
+f.s.f

(5.25c)

f.p.e = ⋆υ (5.25d)

f.s.e = θ −θ0 (5.25e)

Moreover, the boundary conditions if.kin.bk.f = if.int.bm.f = −i∗(⋆m̃ · ⋆υ) = 0
(no advective mass flux), if.int.bs.f = −i∗(⋆s̃ ·⋆υ) = 0 (no advective entropy flux),
th.bt.f=−i∗( 1

θ
· (−φ̃)) = 0 (no conductive heat flux), vol.bvv.f=−i∗(⋆υ) = 0 (no

velocity or ‘volume flux’ through the boundary), and shr.bsv.f=−i∗2(u) = 0 (vanish-
ing velocity in vicinity of boundary) are implied.” [LKL24]

5.7 Maxwell model

“In this section, we implement a Maxwell model describing electromagnetic wave
propagation in a medium with linear polarization and magnetization. First, we dis-
cuss the three primitive systems filling the inner boxes of the interconnection pattern
shown in Figure 5.9, and then we collect the equations for the composite system.

5.7.1 Storage of electric energy

The storage component (Iee, Eee) filling box ee is defined by its interface Iee =({d}, τee)
with τee(d) = ((Ω̃2(Z ), electric_displacement), p) and its energy function
Eee : Ω̃2(Z )→ R given by

Eee(d̃) =
∫
Z

1
2 · ε0 · εr

·⋆d̃ ∧ d̃ ,
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5.7 Maxwell model

emc

me

ee

b

d

bₑₘ

em.d

em.b

em (electro-magnetic system)

Figure 5.9: “Interconnection pattern of the Maxwell model. Boxes ee and me respec-
tively represent storage of electric and magnetic energy. Box emc repre-
sents the reversible coupling of the electric and the magnetic energy do-
main, and the boundary port bem accounts for exchange of electromagnetic
energy across ∂Z .” [LKL24]

where d̃ = d.x is the electric displacement. The physical constant ε0 = 8.8541878128 ·
10−12 Fm−1 is the vacuum permittivity and the parameter εr ∈R is the relative permit-
tivity characterizing the linear material response (polarization).
The flow and effort variables are hence given by

d.f = ˙̃d ∈ Ω̃
2(Z )

d.e =
1

ε0 · εr
·⋆d̃ = e ∈ Ω

1(Z ) ,
(5.26)

where e is the electric field.

5.7.2 Storage of magnetic energy

The storage component (Ime, Eme) filling box me is defined by its interface Ime =
({b}, τme) with τme(b) = ((Ω2(Z ), magnetic_flux), k) and its energy function
Eme : Ω2(Z )→ R given by

Eme(b) =
∫
Z

1
2 ·µ0 ·µr

·⋆b∧b ,

where b = b.x is the magnetic flux (density). Here, the physical constant
µ0 = 1.25663706212 ·10−6 NA−2 is the vacuum permeability and the parameter µr ∈R
is the relative permeability characterizing the linear material response (magnetization).
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Chapter 5 Fluid and plasma models

The flow and effort variables are hence given by

b.f = ḃ ∈ Ω
2(Z )

b.e =
1

µ0 ·µr
·⋆b = h̃ ∈ Ω̃

1(Z ) ,
(5.27)

where h̃ is the magnetic field (strength).

5.7.3 Electro-magnetic coupling

The reversible component (Iemc, Demc) filling box emc is defined by its interface Iemc =
({d, b, bem}, τemc) with

τemc(d) = ((Ω̃2(Z ), electric_displacement), p)

τemc(b) = ((Ω2(Z ), magnetic_flux), k)

and the Stokes-Dirac structure Demc given by[
d.f
b.f

]
=

[
0 −d(_)

d(_) 0

] [
d.e
b.e

]
(5.28a)[

bem.f
bem.e

]
=

[
i∗(_) 0

0 i∗(_)

] [
d.e
b.e

]
. (5.28b)

This defines a power-preserving relation since∫
Z

(
d.e∧d.f + b.e∧b.f

)
=∫

Z
d(d.e∧b.e) = −

∫
∂Z

bem.e∧bem.f .

We note that −bem.e∧bem.f= i∗(e∧ h̃) ∈ Ω̃2(∂Z ) is the twisted 2-form on ∂Z cor-
responding to the Poynting vector. The boundary port is defined such that bem.f = 0
corresponds to a vanishing electric field tangential to the boundary (due to a perfectly
conducting wall).

5.7.4 Interconnected Maxwell model

Combining Equations (5.26) to (5.28) with the equations for the interconnection pattern
in Figure 5.9 and eliminating port variables gives the following system of equations on
Z :

˙̃d = +dh̃+em.d.f

ḃ = −de

em.d.e = e ,

(5.29)
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5.8 Electro-magneto hydrodynamics model

where e = ⋆d̃/(ε0 · εr) and h̃ = ⋆b/(µ0 · µr). Moreover, we have bem.f = i∗(e) and
bem.e= i∗(h̃).
The free charge density q̃ ∈ Ω̃3(Z ) is given by q̃ = dd̃. If the current density (source
term) em.d.f vanishes, charge is a conserved quantity (Casimir function), since

˙̃q = d ˙̃d = ddh̃ = 0 .

An initial condition for Equation (5.29) has to satisfy the constraint db = 0, called
Gauss’s law for magnetism. The constraint is upheld since dḃ =−dde = 0.” [LKL24]

5.8 Electro-magneto hydrodynamics model

“In this section, we combine the Navier-Stokes-Fourier system and the Maxwell system
into a model for a charged fluid interacting with internally generated and externally
applied electric and magnetic fields, see Figure 5.10. As defined next, this involves two
additional systems describing the reversible electro-kinetic coupling and the irreversible
process of electric conduction. Finally, we collect the equations defining the EMHD
model.

5.8.1 Electro-kinetic coupling

Box ekc represents the reversible coupling of the plasma’s kinetic energy domain rep-
resented by port f.p and the electric energy domain represented by port em.d. On the
one hand, the motion of charged fluid particles amounts to a current. On the other hand,
an electric field exerts a force on charged fluid particles. According to special relativity,
the presence of a magnetic flux leads to a force on moving charges. The sum of these
two forces is called the Lorentz force. This coupling is encapsulated by the following
component.
The reversible component (Iekc, Dekc) filling box ekc is defined by its interface Iekc =
({f.p, em.d, f.m, em.b}, τekc) with

τekc(f.p) = ((Ω1(Z ), momentum), k)

τekc(em.d) = ((Ω̃2(Z ), electric_displacement), p)

τekc(f.m) = (Ω̃3(Z ), mass)

τekc(em.b) = (Ω2(Z ), magnetic_flux)

and the Dirac structure Dekc given by[
f.p.f
em.d.f

]
= c ·⋆m̃ ·

[
⋆(⋆(_)∧⋆b) −(_)

+(_) 0

] [
f.p.e
em.d.e

]
, (5.30)

where m̃ = f.m.x, b = em.b.x, and c ∈ R is a parameter giving the effective charge per
unit of mass.
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nsf

el

ekc

em

em

bₑₘ

f

emhd (electro-magneto hydrodyn.)

Figure 5.10: “Interconnection pattern of the electro-magneto hydrodynamics model.
Box nsf represents the Navier-Stokes-Fourier system. Box em represents
the Maxwell system describing electromagnetic wave propagation. Box
ekc represents the electro-kinetic coupling. Box el represents electric
conduction in the plasma. The boundary port bem, which accounts for
radiation of electro-magnetic waves across the boundary of the spatial do-
main, is not exposed, leading to an isolated model.” [LKL24]
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5.8 Electro-magneto hydrodynamics model

Simplifying Equation (5.30) gives the current density em.d.f = c · ⋆m̃ · ⋆υ and the
Lorentz force −f.p.f= c ·⋆m̃ · (⋆(υ ∧⋆b)+ e), where the term ⋆(υ ∧⋆b) =−ιub cor-
responds to the cross product of the velocity vector field u = υ♯ and the magnetic flux
vector field ♯(⋆b).

5.8.2 Electric conduction

Electric conduction is a relaxation process that counteracts a non-uniform electric po-
tential with an electric current. As the electric field is given by the differential of the
electric potential, the former directly reflects spatial variations of the latter. According
to Ohm’s law, the current density is simply given by κe ·⋆e, where κe ≥ 0 is the electric
conductivity. This dynamics is encapsulated by the following component.
The irreversible component (Iel, Oel) filling box el is defined by its interface Iel =
({em.d, f.s},τel) with

τel(em.d) = ((Ω̃2(Z ), electric_displacement), p)

τel(f.s) = ((Ω̃3(Z ), entropy), i)

and the Onsager structure Oel given by[
em.d.f
f.s.f

]
=

1
θ0

·κe ·
[

θ ∧⋆(_) −(_)∧⋆e
−(_)∧⋆e 1

θ
· e∧⋆e · (_)

] [
em.d.e
f.s.e

]
, (5.31)

where e = em.d.e and θ = θ0 +f.s.e.
Simplifying Equation (5.31) gives the electric current density em.d.f= κe ·⋆e∈ Ω̃2(Z )
and the entropy production rate −f.s.f= 1

θ
· e∧ (κe ·⋆e) ∈ Ω̃3(Z ).

The total exergy destruction rate is given by∫
Z

(
em.d.e∧em.d.f + f.s.e∧f.s.f

)
= θ0 ·

∫
Z

1
θ
· e∧ (κe ·⋆e) .

Equation (5.31) satisfies the condition for conservation of energy since θ ∧⋆(e)−(θ)∧
⋆e = 0 and −(e)∧⋆e+ 1

θ
· e∧⋆e · (θ) = 0, where e = em.d.e and θ = θ0 +f.s.e.

To improve the model, one could add a state port to make the electric conductivity de-
pend on mass density and temperature. Once could also construct an irreversible com-
ponent for combined thermal and electric conduction that takes into account thermo-
dynamic cross effects.

5.8.3 Interconnected EMHD model

Combining Equations (5.25) and (5.29) to (5.31) with the equations for the interconnection
pattern in Figure 5.10 and eliminating port variables gives the following system of equa-
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tions on Z :

υ̇ = +⋆(υ ∧⋆dυ)−d(⋆(υ ∧⋆υ)/2)− 1
⋆m̃

·dπ

+
1
⋆m̃

·d(µv ·⋆d⋆υ)

+
1
⋆m̃

·⋆2 d∇

(
µs ·⋆2(sym(∇υ))

)
+ c · (⋆(υ ∧⋆b)+ e)

(5.32a)

˙̃m = −d(⋆m̃ · ⋆υ) (5.32b)
˙̃s = −d(⋆s̃ · ⋆υ)

+
1
θ
·d(κt ·⋆dθ)

+
1
θ
·µv · (⋆d⋆υ) · (d⋆υ)

+
1
θ
·∇υ

♯∧̇
(
µs ·⋆2(sym(∇υ))

)
+

1
θ
· e∧ (κe ·⋆e)

(5.32c)

˙̃d = +dh̃

− c ·⋆m̃ ·⋆υ

−κe ·⋆e

(5.32d)

ḃ = −de (5.32e)

The previously stated boundary conditions apply. Due to the combination of the Maxwell
system with the fluid model, the free charge density q̃ must satisfy the constraint

q̃ = dd̃ = c · m̃ ,

which is upheld since

˙̃q = d ˙̃d = ddh̃−d(c ·⋆m̃ ·⋆υ) = −c ·d(⋆m̃ ·⋆υ) = c · ˙̃m .

Initial conditions for Equation (5.32) must hence satisfy dd̃ = c · m̃ and db = 0.
We note that state variables that are straight differential forms have negative parity with
respect to time-reversal transformation [LKL21], whereas those which are twisted dif-
ferential forms have positive parity. We expect that this observation plays an important
role for structure-preserving discretization on staggered space and time grids.” [LKL24]

5.9 Magneto hydrodynamics model

“In this section, we present a simplification of the plasma model defined in the pre-
vious section. When the electric field evolves much faster than the magnetic field, the
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nsf

res

kec

em

em

bₑₘ

f bᵣ

mhd (magneto hydrodynamics)

Figure 5.11: “Interconnection pattern of the magneto hydrodynamics model. Box
nsf represents the Navier-Stokes-Fourier system. Box em represents the
Maxwell system, but without a storage component for electric energy. Box
kec represents the reversible coupling of the kinetic and electric energy
domains. Box res represents the irreversible process due to the ohmic re-
sistance of the plasma. The boundary port br accounting for electric con-
duction across ∂Z is not exposed, leading to an isolated model.” [LKL24]

dynamics of the former can be neglected. Besides the NSF fluid model and the Maxwell
model with the storage component for electric energy removed, the MHD model has
two additional subsystems: Similar to, but distinct from, the EMHD model, the first
system describes the reversible coupling of the kinetic and electric energy domains and
the second system describes the irreversible process due to the ohmic resistance of the
plasma, see Figure 5.11.

5.9.1 Kinetic-electric coupling

Box kec represents the reversible coupling of the fluid’s kinetic energy domain repre-
sented by port f.p and the electric energy domain represented by port em.d.
The reversible component (Ikec, Dkec) filling box kec is defined by its interface Ikec =
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({f.p, em.d, em.b}, τkec) with

τkec(f.p) = ((Ω1(Z ), momentum), k)

τkec(em.d) = ((Ω̃2(Z ), electric_displacement), p)

τkec(em.b) = (Ω2(Z ), magnetic_flux)

and the Dirac structure Dkec given by[
f.p.f
em.d.e

]
=

[
0 ⋆(⋆(_)∧⋆b)

−⋆(⋆(_)∧⋆b) 0

] [
f.p.e
em.d.f

]
, (5.33)

where b = em.b.x.
By simplifying Equation (5.33), we obtain the magnetic force f.p.f = ⋆( j̃∧ ⋆b). The
current density j̃ = dh̃ is determined by the magnetic field through Ampère’s law, which
is expressed by the reversible component filling box em.emc. Further, Equation (5.33)
determines the electric field em.d.e = −⋆(υ ∧ ⋆b) according to the ideal MHD condi-
tion e+ ⋆(υ ∧ ⋆b) = 0. As the MHD model does not account for storage of electric
energy, the reversible component filling box kec basically transforms port em.d of the
reversible component filling box em.emc into a port representing the kinetic energy do-
main. In principle, the two reversible components filling boxes kec and em.emc could
be combined into a single component that models the reversible coupling of the kinetic
and the magnetic energy domain directly.

5.9.2 Ohmic resistance

Box res represents the irreversible process due to the ohmic resistance ρe = 1/κe ≥ 0
of the plasma. The model is essentially equivalent to the electric conduction model
used for the EMHD model, but expressed on the magnetic side. The electric con-
duction model is defined by Ohm’s law el.d.f = κe · ⋆(el.d.e), which we can write
equivalently as el.d.e = ρe · ⋆(el.d.f). Combining this with Equation (5.28) for the
electro-magnetic coupling leads to the following component.
The irreversible component (Ires, Ores) filling box res is defined by its interface Ires =
({em.b, f.s, br},τres) with

τres(em.b) = ((Ω2(Z ), magnetic_flux), k)

τres(f.s) = ((Ω̃3(Z ), entropy), i)
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5.9 Magneto hydrodynamics model

and the Onsager structure Ores given by[
em.b.f
f.s.f

]
=

1
θ0

·
[

A(_) B(_)
C(_) D(_)

] [
em.b.e
f.s.e

]
A(_) = d

(
(ρe ·⋆d(_))∧θ

)
B(_) = −d

(
(ρe ·⋆dh̃)∧ (_)

)
C(_) = −dh̃∧

(
ρe ·⋆d(_)

)
D(_) =

1
θ
·dh̃∧ (ρe ·⋆dh̃)∧ (_)

(5.34a)

br.f = i∗
(

1
θ0

((
ρe ·⋆d(em.b.e)

)
∧θ

− (ρe ·⋆dh̃)∧f.s.e

))
br.e = i∗(em.b.e) ,

(5.34b)

where h̃ = em.b.e and θ = θ0 +f.s.e.
Simplification of Equation (5.34) gives the rate em.b.f= d

(
ρe ·⋆dh̃

)
∈Ω2(Z ) at which

the magnetic flux changes due to the ohmic resistance of the plasma. Moreover, we ob-
tain the entropy production rate −f.s.f= 1

θ
·dh̃∧(ρe ·⋆dh̃)∈ Ω̃3(Z ). For the boundary

port, we have br.f= i∗(ρe ·⋆dh̃) ∈ Ω1(∂Z ) and br.e= i∗(h̃) ∈ Ω̃1(∂Z ).
To show that Equation (5.34) defines a non-negative definite symmetric operator, we
again apply integration by parts to obtain a weak form with implicit boundary condi-
tions. Letting the test functions be equal to the effort variables em.b.e and f.s.e gives
the following power balance equation:∫

Z

(
em.b.e∧em.b.f+f.s.e∧f.s.f

)
+
∫

∂Z
br.e∧br.f =

1
θ0

·
∫
Z

[
+d(em.b.e)∧

(
ρe ·⋆d(em.b.e)

)
∧θ

−d(em.b.e)∧ (ρe ·⋆dh̃)∧f.s.e

−f.s.e∧dh̃∧
(
ρe ·⋆d(em.b.e)

)
+f.s.e∧

(
1
θ
·dh̃∧ (ρe ·⋆dh̃)

)
∧f.s.e

]
=

θ0 ·
∫
Z

1
θ
·dh̃∧ (ρe ·⋆dh̃) ≥ 0 .

Again, we see that the operator is symmetric, and the second law is satisfied.
Equation (5.34a) satisfies the condition for conservation of energy because A(h̃) +
B(θ) = 0 and B(h̃)+D(θ) = 0, where h̃ = em.b.e and θ = θ0 +f.s.e.
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5.9.3 Interconnected MHD model

Without the storage component for electric energy, Equation (5.29) for the Maxwell
system reduces to the Maxwell-Faraday equation ḃ = −d(em.d.e) and Ampère’s law
−em.d.f = dh̃, where h̃ = ⋆b/(µ0 · µr). Combining this with Equations (5.25), (5.33)
and (5.34) and the equations for the interconnection pattern in Figure 5.11 and elimi-
nating port variables gives the following system of equations on Z :

υ̇ = +⋆(υ ∧⋆dυ)−d(⋆(υ ∧⋆υ)/2)− 1
⋆m̃

·dπ

+
1
⋆m̃

·d(µv ·⋆d⋆υ)

+
1
⋆m̃

·⋆2 d∇

(
µs ·⋆2(sym(∇υ))

)
+

1
⋆m̃

·⋆
(
⋆dh̃∧⋆b

)
(5.35a)

˙̃m = −d(⋆m̃ · ⋆υ) (5.35b)
˙̃s = −d(⋆s̃ · ⋆υ)

+
1
θ
·d(κt ·⋆dθ)

+
1
θ
·µv · (⋆d⋆υ) · (d⋆υ)

+
1
θ
·∇υ

♯∧̇
(
µs ·⋆2(sym(∇υ))

)
+

1
θ
·dh̃∧ (ρe ·⋆dh̃)

(5.35c)

ḃ = +d⋆(υ ∧⋆b)

−d
(
ρe ·⋆dh̃

) (5.35d)

The boundary conditions stated previously for the respective subsystems apply. Con-
cerning the boundary port of the Maxwell system (without electric energy storage), we
have bem.f = −i∗(υ ∧ ⋆b) ∈ Ω1(∂Z ) and bem.e = −i∗(h̃) ∈ Ω̃1(∂Z ). Initial condi-
tions for Equation (5.35) must satisfy Gauss’s law db = 0.” [LKL24]

5.10 Discussion

“We presented two plasma models using the Exergetic Port-Hamiltonian Systems (EPHS)
modeling language. The compositional graphical syntax allowed us to gradually build
up the models from simpler parts. As subsystems, we implemented an ideal fluid model,
a Navier-Stokes-Fourier fluid model that reuses the ideal fluid model as a subsystem,
and a Maxwell electromagnetism model. The hierarchical organization of increasingly
complex models as well as the energy-based perspective simplify understanding and
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communication. In particular, this allows people who are not domain experts to under-
stand the architecture and meaning of relatively complex physical models. Moreover,
models and their parts can be easily reused, removed, or replaced, as shown in this
work. This can save a lot of time when models have to be modified or extended. The
three kinds of primitive systems at the bottom of the hierarchical model specifications
represent storage as well as reversible and irreversible exchange of energy. Based on
their structure, all models are guaranteed to respect the first and second law of thermo-
dynamics.
Besides shedding light on the energetic, thermodynamic, and modular structure, we
have expressed the considered fluid models using exterior calculus as a coordinate-
invariant language. Although it is unfortunately absent from most curricula, the geo-
metric approach has a very long, if not the longest, tradition in science. In recent times,
it again becomes increasingly clear that a deeper knowledge of the geometric character
of physical quantities significantly enhances understanding.
Leveraging the structured and coordinate-invariant expression of the considered fluid
models, future work should investigate their spatial and temporal discretization. Mak-
ing use of compositionality, the involved primitive subsystems should be transformed
into discrete analogues, which can then be interconnected just as their continuous coun-
terparts. It could be instrumental to build upon prior work that derives numerical
schemes based on discrete analogues of exterior calculus as well as variational meth-
ods from mechanics, see, e.g., [Pav+11; CG22]. If such methods could be understood
as natural transformations applied to EPHS models, it could become much easier for
users to readily apply them, especially in the context to networks of interconnected sys-
tems. Regarding the goal of structure-preserving discretization, it could also be help-
ful to study the involved differential complexes more deeply, see, e.g., [AH21]. This
might also clarify how to express the isotropic-deviatoric splitting of the strain rate
tensor in the coordinate-invariant language, in order to fully disentangle the volume
and shear viscosity models. Finally, the topic of interconnecting models through their
boundary ports should receive more attention, both in the continuous and the discrete
setting.” [LKL24]
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Chapter 6

Discussion and future directions

6.1 Relation to other approaches

6.1.1 Relation to bond graphs

“Bond graphs provide a graphical notation for representing physical systems in terms
of subsystems that exchange energy. However, the notation does not naturally support
the hierarchical nesting of systems. Relying exclusively on primitive subsystems limits
the applicability of bond graphs to complex systems, where a hierarchical breakdown
into simpler parts would facilitate both model construction and reuse.
Although the notation is not inherently composable, one can introduce conventions that
allow for subsystems defined by open bond graphs. For example, [GPC21] proposes
a convention for encapsulating parts of bond graphs, which share a specific element in
common. In each such module, the common element is replaced by an external port.
The modules are then ‘glued’ together in a parent-level bond graph, which contains the
common element and an additional 0-junction to connect the modules. The direction
of the bonds that represent the external ports at the module level must agree with the
direction of the corresponding bonds at the parent level.
While port-Hamiltonian systems can be seen as a geometric formalization of the dy-
namical systems derived from generalized bond graphs, the algebraic formalization of
the bond graph notation itself is not straightforward (see, e.g., [BR89; Coy17]). Some
inherent complexity in the notation is evident also in practice, where the direction in
which exchange of power is counted as positive, and sometimes also the role of a vari-
able as flow versus effort, must be decided on a bond-by-bond basis. These decisions
must either be left to the user or managed through heuristic algorithms or conventions.
This can impede seamless hierarchical decomposition and reuse of subsystems.
Interconnection patterns provide a composable, graphical syntax for the EPHS model-
ing language. Compared to bond graphs, interconnection patterns have an outer box,
and they exclusively rely on 0-junctions. Based on this simplification, the mentioned
issues are resolved:

• Interconnection patterns have a clear mathematical structure, which supports
their hierarchical (de-)composition.

• Interconnection patterns are relatively easy to interpret, owing to their simple
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structure, the direct correspondence between junctions and energy domains, and
the clear role of power variables as either flow or effort.

• The direction in which exchange of power is counted positive is predetermined
in agreement with the convention used in thermodynamics, i.e. energy supplied
to a system has a positive sign.

In contrast to bond graphs, EPHS models are guaranteed to be thermodynamically con-
sistent.
Bond graphs may incorporate elements from block diagrams. In addition to bonds,
which represent energy exchange, there may be edges that transmit signals according
to their orientation. Elements may have signal ports to receive signals, which modu-
late their behavior, and there may be ‘blocks’ that perform arbitrary signal processing.
In contrast, the formalism presented here does not cover arbitrary signal processing;
system behavior can be modulated only by state variables of other systems. To express
this, every port has a state variable, which is shared with all other ports connected to the
same junction. We distinguish between state ports, which share only state, and power
ports, which additionally model energy exchange.” [LLL25]

6.1.2 Relation to port-Hamiltonian systems

“Port-Hamiltonian Systems (PHS) provide a mathematical framework for open dynam-
ical systems with guaranteed passivity. While bond graphs are frequently used to depict
port-Hamiltonian models, establishing a rigorous link between bond graph syntax and
port-Hamiltonian semantics remains challenging. On the one hand, bond graphs offer
a network representation of individual systems, but the representation is not inherently
composable. On the other hand, PHS provide a composable representation of individ-
ual systems, albeit without an explicit internal network structure. In particular, the PHS
framework provides no built-in support for referencing subsystems and their ports. Pre-
vious work has focused on algorithms for converting certain classes of bond graphs to
PHS (see, e.g., [Pfe+20]).
A well-known issue concerns the relationship between the port-Hamiltonian structure,
which implies passivity, and its physical interpretation. Owing to its roots in mechan-
ics, the ‘Hamiltonian’ storage function is typically interpreted as the system’s energy.
However, the differential of the ‘Hamiltonian’ generally also drives dissipative dynam-
ics, resulting in an apparent loss of ‘energy’. This raises questions, especially outside
the realm of electromechanical systems, where thermodynamic considerations are often
overlooked. In response, some members of the port-Hamiltonian community have pro-
posed alternative port-based frameworks that explicitly encode thermodynamic struc-
ture (see, e.g., [EMS05; RL22; vM19]).
EPHS provide a mathematical framework for open dynamical systems with guaranteed
thermodynamic consistency. In contrast to PHS, this framework is directly based on a
composable, graphical syntax used to specify how more complex systems are formed
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by interconnecting simpler systems. An explicit understanding of the translation be-
tween graphical syntax and relational semantics guarantees that syntax and semantics
compose in compatible ways. This enables a modular and hierarchical modeling ap-
proach, which inherently supports referencing nested subsystems and their ports. In a
sense, this approach unites the strengths of both bond graphs and PHS.
The dynamical systems defined by EPHS models essentially possess port-Hamiltonian
structure. Beyond passivity, additional structural properties imposed on the primitive
systems guarantee that all EPHS share a uniform and consistent physical interpretation,
aligned with nonequilibrium thermodynamics. Since EPHS compose simply by sharing
energy domains, users typically do not need to explicitly define external ports. As a
result, users can typically integrate existing models into more complex systems without
any prior adaptation.” [LLL25]

6.1.3 Relation to metriplectic and GENERIC systems

“Metriplectic systems and the GENERIC provide a framework for (usually isolated) dy-
namical systems with guaranteed thermodynamic consistency. The dynamical systems
defined by (isolated) EPHS models are basically metriplectic systems or instances of
the GENERIC, since the built-in thermodynamic consistency follows from essentially
the same ideas. Regarding the reversible part, EPHS appear to be more general, since
they use Dirac structures, rather than the less general Poisson structures used in the
definition of metriplectic systems or the GENERIC. This allows EPHS to easily model
kinematic constraints, which is important, e.g., for multibody systems (see [LCL24]).
However, it should be no problem to generalize the metriplectic or GENERIC frame-
work accordingly. Regarding the irreversible part, EPHS appears to be less general,
since it remains unclear if the single-generator formulation based on exergy is useful
beyond local thermodynamic equilibrium.
In contrast to the metriplectic or GENERIC framework, EPHS enable a modular and
hierarchical approach to thermodynamic modeling, based on a graphical syntax for
building more complex models from simpler parts.” [LLL25]

6.2 Summary of main contributions

6.2.1 Thermodynamically consistent port-Hamiltonian systems

Following up on the conference paper [Bad+18], in this thesis, we have developed a
synthesis of port-Hamiltonian systems theory and the metriplectic or GENERIC for-
malism for nonequilibrium thermodynamics.
The GENERIC structure of a system evolving on a finite-dimensional vector space
X ∋ x consists of four ‘building blocks’ [Ött05]:

1. Energy E : X → R

2. Entropy S : X → R

139



Chapter 6 Discussion and future directions

3. Poisson matrix L : T∗X → TX

4. Friction matrix M : T∗X → TX

While this fixes a structure that ensures thermodynamic consistency, it leaves us with
the choice of expressing energy as a function of entropy, or vice versa. For instance, the
state of some system might be modeled with two entropy variables such that E(x) =
E(s1, s2) and S(x) = s1 + s2, or it might equivalently be modeled with two energy
variables such that E(x) = e1 +e2 and S(x) = S(e1, s2). In other words, we can encode
constitutive behavior in E or alternatively in S. Under some assumptions, it is possible
to convert between the two, in principle equivalent, formulations.
As an energy-based framework, EPHS mandates that the energy E be expressed as a
function of state variables including entropy, while S is simply given by the sum of all
entropy state variables. Systems can then be modeled in a modular approach by inter-
connecting primitive systems, which essentially correspond to the GENERIC building
blocks E, L, and M. As for ‘monolithic’ metriplectic or GENERIC systems, proper-
ties of primitive EPHS and their ‘modular’ interconnection guarantee thermodynamic
consistency of any resulting composite EPHS.

6.2.2 A native graphical syntax for port-Hamiltonian systems

Historically, port-Hamiltonian systems (PHS) are closely linked to bond graphs [Mas91;
MvB92]. To this day, bond graphs are commonly used in the literature to illustrate the
modular nature of PHS. However, as noted in Section 6.1, there is a fundamental differ-
ence between the two: bond graphs provide a network-based representation of systems
but lack inherent composability. In contrast, PHS offer a composable representation but
do not capture internal network structure, meaning that subsystems and their internal
ports are not explicitly represented.
In this thesis, we have developed a synthesis of port-Hamiltonian systems theory and
a composable graphical syntax, which can be seen as a subset of bond graph notation
with desirable algebraic properties. Specifically, the graphical syntax is based on the
multicategory/operad of undirected wiring diagrams [Spi13]. The examples considered
demonstrate that this approach seamlessly integrates the strengths of PHS and bond
graphs within a straightforward mathematical framework.

6.2.3 A port-Hamiltonian software framework

As part of the work towards completing this thesis, we have implemented the proposed
theoretical framework as a domain-specific modeling language [Loh25] embedded into
the Julia programming language [Bez+17].
While the port-Hamiltonian systems community has made significant progress in es-
tablishing a modular, energy-based framework for modeling, simulation, and control of
complex physical systems, practical software implementations remain an area ripe for
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further exploration. The developed software prototype translates port-Hamiltonian con-
cepts into a functional tool, offering a tangible starting point for future work. We hope
that this effort can inspire a collaborative spirit among researchers, encouraging the
development of shared software frameworks that facilitate the experimentation, evalu-
ation, and further development of innovative ideas within the community and beyond.

6.2.4 A port-Hamiltonian framework for multibody systems

Mechanisms and multibody systems have long been studied within the port-Hamiltonian
community [Mas91; SMB00; Str01; MM08]. These works integrate the geometry of
multibody systems expressed in a Lie group framework with modular, port-based mod-
eling using bond graphs and the corresponding port-Hamiltonian structure.
The multibody framework developed in this thesis builds upon earlier work by for-
mulating body and joint models, which can be easily composed within a framework
that seamlessly combines the port-based and geometric formulation of systems with a
composable, graphical syntax for expressing their interconnection.
At the lowest level of hierarchically defined multibody systems, fundamental com-
ponents capture energy storage in bodies and joints, reversible rigid body dynamics
constrained by joint kinematics, and the irreversible process of joint friction. These
fundamental building blocks are expressed within the Lie group framework, specifi-
cally using the group of Euclidean isometries. Building on this base, bodies and joints
are introduced as reusable higher-level abstractions that are accessible to users, without
requiring them to delve into the underlying mathematical intricacies. Furthermore, bod-
ies and joints can be composed into higher-level structures, facilitating the development
and management of complex, multiphysical systems involving multibody subsystems.

6.2.5 Port-Hamiltonian fluid and plasma models

Ever since the advent of spatially-distributed port-Hamiltonian systems [vM02; Ras+20],
numerous works have investigated port-Hamiltonian models for fluids [vM01; Pv14;
AS17; Bad+18; Hau+20; Ban+21; Cal+21; Ras+21a; HM21; Mor+21; Car+24] and
plasmas [NS10; VLM16; Vin+18]. However, a closer look reveals some inconsisten-
cies concerning the link between port-Hamiltonian structure and its physical interpre-
tation, particularly regarding the modeling of irreversible phenomena. For instance,
some works have attempted to incorporate viscous dissipation and thermal conduction
within the skew-symmetric part that defines the Stokes-Dirac structure, which funda-
mentally corresponds to the reversible, Hamiltonian part of the dynamics. Other works
have modeled viscous stresses in terms of vorticity, which is given by the antisymmet-
ric part of the velocity gradient that corresponds to local rigid body motion. In fact,
viscous stresses arise from local deformations, corresponding to the symmetric part of
the velocity gradient. Such inconsistencies can lead to unsound predictions, and they
obscure the physical interpretation. These challenges motivated the development of the
EPHS framework, as a means to simplify thermodynamic modeling:
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1. Similar to metriplectic and GENERIC systems, the framework enforces a thermo-
dynamically consistent splitting of the dynamics into a reversible part, which is
expressed using (Stokes-)Dirac structures, and an irreversible part, which is ex-
pressed using (Stokes-)Onsager structures. This guarantees adherence to the first
and second laws of thermodynamics and prevents many potential inconsisten-
cies. Moreover, the enriched port-Hamiltonian structure and its uniform physical
interpretation significantly improve the compatibility of different models.

2. Following the pioneering work on spatially-distributed port-Hamiltonian sys-
tems, our approach relies on a coordinate-invariant, differential-geometric for-
malism, which further clarifies the physical meaning of the involved quantities,
and thereby adds another level of guidance and clarity in the modeling process.
Separating geometry from numerical representation also leads to a principled
starting point for deriving structure-preserving discretizations.

3. The native graphical syntax of the EPHS framework visually communicates the
hierarchical construction of complex systems, revealing how multiphysical mod-
els emerge from simpler, reusable building blocks. This feature greatly facilitates
modeling, understanding, and communication.

Our contribution extends previous work in [Ras+21a; Ras+21b], which thoroughly ad-
dresses reversible fluid dynamics, and [Cal+21], which incorporates viscous dissipa-
tion, while neglecting the thermal energy domain based on the assumption of incom-
pressible or barotropic flow. We formulate a complete thermodynamic model, which
also includes Fourier-type thermal conduction. Our plasma models, in particular, exem-
plify the power of the EPHS framework, as they directly incorporate the previously de-
fined fluid model as a subsystem, alongside other subsystems from electromagnetism.

6.3 Directions for future work

Here, we briefly discuss two ideas, which have already received some attention, and
appear to be interesting directions for further research. Beyond these two ideas, we
are optimistic that the formal modeling language – owing to its simple mathematical
structure, fixed physical interpretation, and guaranteed thermodynamic consistency –
offers a strong foundation for integrating first-principles-based thermodynamic mod-
eling with scientific machine learning, as well as for enabling the use of generative
artificial intelligence in the modeling process.

6.3.1 Categorical formalization

While we have initiated the categorical formalization of port-Hamiltonian systems based
on the proposed graphical syntax, we have not spelled out the technical details. This
is mainly because we decided not to go the usual route, using the theory of symmetric
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monoidal categories (see, e.g., [Mac98]). Instead we have decided to first develop direc-
tories as a convenient and well-behaved formalism for hierarchical organization in cate-
gorical systems theory. “Besides providing a monadic data structure that is instrumental
for the computer implementation of EPHS [Loh25], directories provide an alternative
to symmetric monoidal categories (SMCs) and their underlying multicategories. Un-
like SMCs, directory-multicategories have the advantage that they are inherently strict:
they use named tuples of subdirectories, e.g., (a 7→ x, b 7→ y, c 7→ z), rather than nested
binary tuples (coming from a binary monoidal product), e.g., (x, (y, z)) or ((x, y), z)),
which are only equivalent up to a coherence isomorphism. Building on this foundation,
future work is well positioned to formalize the graphical syntax and relational seman-
tics of EPHS using the framework of directory-multicategories and directory-functors.
This approach combines mathematical rigor with practical concerns, helping bridge the
gap between theory and implementation.”[LL25]
The semantics of EPHS can be understood as a functor from the directory-multicategory
of system interfaces and interconnection patterns to the directory-multicategory of sets
and functions. If we think of the syntax as an operad, this functor defines an operad
algebra. On objects, it sends an interface to the set of systems with that interface, and
on morphisms, it sends an interconnection pattern to a function, which takes a directory
of subsystems and returns a composite system.

6.3.2 Variational discretization and discrete semantics

Recognizing the semantics as a functor raises the question whether a discretization of
EPHS (in time and/or space) can be formulated as a natural transformation between
two different functors, corresponding to continuous and discrete semantics. In category
theory, naturality is a condition requiring that a transformation between two functors
acts consistently with respect to composition [Mac98]. In the present context, naturality
requires that discretization and interconnection commute:

• •

• •

interconnection of continuous-time systems

interconnection of discrete-time systems

discretize subsystems discretize composite system

Given any continuous composite system, we can either discretize it as a whole or we can
discretize its subsystems separately and then interconnect the resulting discrete systems
using the same interconnection pattern that underlies the continuous composite system.
In summary, discretization is natural if it remains independent of the way we compose
or decompose systems. The naturality property is highly desirable, as it eliminates
many potential complications.
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We recall from Definition 2.7.2 that the semantics of a composite system is the relation
obtained by composing the relations of the subsystems with the relation implied by the
underlying interconnection pattern. For nested composite systems, the functor property
tells us that we can either recursively apply Definition 2.7.2 or we can flatten the hier-
archy of interconnection patterns and then use the flattened pattern to interconnect all
primitive systems at the bottom of the hierarchy. In other words, for any hierarchically
defined model, there is an equivalent flat model, whose subsystems are all primitive.
A natural transformation is therefore fully determined by how it acts on (the semantics
of) primitive systems.
To illustrate the concept, we consider two time discretizations of spatially-lumped sys-
tems with scalar- or vector-valued state variables. We assume a time grid with points
tk = h · k, where h ∈ R>0 is a fixed time step size and k ∈ N≥0 counts the steps. In the
continuous case, a storage component (I, E) yields a relation S : TXI ↛ PI accord-
ing to Definition 2.6.4. In the discrete-time case, we replace TXI ∋

(
x(t), ẋ(t)

)
with

XI ×XI ∋ (xk, xk+1). The action of the considered natural transformation on storage
components is given by the following definition:

Definition 6.3.1.
The midpoint discrete-time semantics assigned to storage component (I, E) is the
relation S : XI ×XI ↛ PI that is given by

S =
{(

(xk, xk+1), (x, f , e)
)
∈ (XI ×XI)×PI | x =

xk + xk+1

2
, f =

xk+1 − xk

h
,

e = dH(x)
}
,

where H is induced from E according to Definition 2.6.2. △

The corresponding discrete-time semantics of environment components is defined anal-
ogously. The discrete-time semantics of reversible and irreversible components remains
as in the continuous case, except that for reversible components with constraint vari-
ables, we have to replace λc(t) with λc,k+1.
Alternatively, we consider the following discrete-time semantics:

Definition 6.3.2.
The Störmer-Verlet discrete-time semantics assigned to storage component (I, E)
is the relation S : XI ×XI ↛ PI that is given by

S =
{(

(xk, xk+1), (x, f , e)
)
∈ (XI ×XI)×PI | x = xk, f =

xk+1 − xk

h
,

e = dH(x̃)
}
,

where H is induced from E according to Definition 2.6.2 and the components of x̃ agree
with those of xk (resp. xk+1) if the corresponding quantity has even (resp. odd) parity
with respect to time-reversal transformation. △
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Again, the corresponding discrete-time semantics of environment components is de-
fined analogously, while the semantics of reversible and irreversible components re-
mains as in the continuous case.
Both discrete-time semantics satisfy, up to some numerical error, the first and second
laws of thermodynamics as well as energetic and exergetic power balance equations.
For the midpoint semantics, the numerical error for energy and entropy converges with
second order, while for the Störmer-Verlet semantics, it converges only with first order
if the dynamics is not fully reversible. In both cases, the numerical error in the energetic
or exergetic power balance converges with second order. This holds if the discrete-
time power is, as in the continuous case, taken to be the pairing of flow and effort,
or if one applies an interpolation motivated by a collocation viewpoint (see [KL19]).
Both discrete-time semantics can be viewed as variational discretizations where the
irreversible dynamics is governed by constraints of thermodynamic type (see [GY17;
GY18]). We suppose that the loss of superconvergence in the Störmer-Verlet case can
be attributed to the non-symmetric discretization of the constraints of thermodynamic
type.
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Chapter A

Geometric foundation for multibody systems

In this appendix, we summarize the geometric concepts used to model multibody sys-
tems in Chapter 4. “More details can be found in textbooks such as [Lee12] or [MR99;
AMR88].

A.1 Physical space and coordinate frames

The Euclidean vector space (E3, ⟨· , ·⟩) is a real 3-dimensional vector space E3 with
an inner product ⟨· , ·⟩ : E3 ×E3 → R.
A choice of orthonormal basis for E3 gives an isomorphism E3 ∼=R3. The orthonormal-
ity condition ensures that the isomorphism preserves the inner product, with the inner
product of R3 being the dot product. Specifically, let’s consider two right-handed or-
thonormal bases (eI

1, eI
2, eI

3) and (eB
1 , eB

2 , eB
3 ). A vector v ∈ E3 can then be represented

as
v = Iv1 eI

1 + Iv2 eI
2 + Iv3 eI

3 = Bv1 eB
1 +Bv2 eB

2 +Bv3 eB
3 ,

where Iv = (Iv1, Iv2, Iv3) ∈ R3 is the coordinate representation of v with respect to
basis I and Bv = (Bv1, Bv2, Bv3) ∈ R3 is its representation with respect to basis B. For
computations in coordinates, we regard these as column vectors, i.e. we identify R3 ∼=
R3×1, and we simply use juxtaposition to denote matrix multiplication. For instance,
we have ⟨v, v⟩= IvT

Iv = BvT
Bv, since I and B are orthonormal.

The two representations are related by

Iv = RIB Bv ,

where the coordinate transformation matrix RIB ∈ R3×3 contains the basis vectors
of B expressed in the basis I, i.e. RIB =

[
IeB

1 | IeB
2 | IeB

3
]
. With E ∈ R3×3 denoting the

identity matrix, we have RT
IB RIB = RBI RIB = E, since the transformation preserves the

inner product, and moreover we have det(RIB) = 1, as it also preserves the right-handed
orientation. RIB is commonly called a rotation matrix.
The Euclidean (affine) space (E 3,+) with associated vector space E3 shall represent
physical space. By definition, for any two points P, Q ∈ E 3, there is a unique vector
denoted by rPQ ∈ E3 that represents the translation from P to Q. So, the vector space
E3 acts (transitively) on the point space E 3 by translation and we have P+ rPQ = Q,
where + : E 3 ×E3 → E 3 denotes the (affine) action.
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A coordinate frame (A, (eA
1 , eA

2 , eA
3 )) is defined by an origin A ∈ E 3 and a basis for E3.

Hence, a frame gives an isomorphism E 3 ∼= R3. We reuse the same symbol, here A, to
refer to a frame or just to its origin or its basis. In particular, we use I to denote the
inertial reference frame (I, (eI

1, eI
2, eI

3)) used throughout.

A.2 Configuration of a rigid body

At rest, a rigid body (B, ρ) is characterized by its set of material points (reference
configuration) B ⊂ E 3 and its mass density function ρ : B →R+. Let (B, (eB

1 , eB
2 , eB

3 ))
be a frame with origin B ∈ B. Considering motion, B is a body-fixed frame when
it moves with the body. Assuming this, the time-dependent position of an arbitrary
particle P ∈ B with respect to the reference frame I can be written as

IrIP(t) = IrIB(t)+RIB(t)BrBP , (A.1)

where BrBP ∈ R3 is constant due to the body’s rigidity. Hence, the time-dependent
configuration of the rigid body is given by

qIB(t) =
(
RIB(t), IrIB(t)

)
∈ SO(3)×R3 . (A.2)

We also say that qIB(t) is the absolute pose of the body, as it is given with respect to
the distinguished reference frame I. The set of rotation matrices

SO(3) =
{

R ∈ R3×3 | RTR = E ; det(R) = 1
}

forms a matrix Lie group, as it forms a smooth 3-dimensional space (manifold) as
well as a group, with the composition operation (matrix multiplication) and the inverse
operation (matrix transposition) being smooth maps. SO(3) is called special orthogonal
group or simply rotation group.

A.3 Lie group structure of the configuration space

The Lie group structure of the space of all possible configurations, gives rise to mathe-
matical operations that are central to the description of rigid-body dynamics.
Next to SO(3), also R3 is a Lie group, since vector spaces are Lie groups, with the com-
position operation being vector addition and the inverse operation being scalar multi-
plication by −1. The configuration space of a rigid body SO(3)×R3 then also forms a
Lie group, called the direct product.
Because SO(3) acts on R3 by matrix-vector multiplication, the configuration space ad-
mits yet another group structure, called the semidirect product. This group is denoted
by SO(3)⋉R3 = SE(3) and it is also called the special Euclidean group.
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Since both Lie groups can be used as a geometric basis for describing rigid body dy-
namics [BAC11; MT14], we use the symbol G to denote either of the two. The com-
position operation G×G → G, which we denote simply by juxtaposition, is defined
by

G = SO(3)×R3 : (R1, r1)(R2, r2) = (R1 R2, r1 + r2)

G = SO(3)⋉R3 : (R1, r1)(R2, r2) = (R1 R2, r1 +R1 r2) .

In both cases, the identity element is e=(E, 0)∈G. The inverse operation (·)−1 : G→
G is then defined by

G = SO(3)×R3 : (R, r)−1 = (RT,−r)

G = SO(3)⋉R3 : (R, r)−1 = (RT,−RT r) .

A.4 Geometric interpretation of composition

The difference between the two group structures becomes apparent when the absolute
pose qIB = (RIB, IrIB), as defined by Equation (A.2), is composed with a relative pose
qBC, where C is the origin of another frame (C, (eC

1 , eC
2 , eC

3 )). Let qIC = (RIC, IrIC)
denote the corresponding absolute pose. The relative pose qBC is then defined by
qIC = qIB qBC. As we show next, the different composition operations imply differ-
ent definitions for qBC.
The case G = SO(3)×R3 corresponds to the relative translation rBC being expressed
in the inertial basis I, i.e. qBC = (RBC, IrBC), since based on

qIC = qIB qBC = (RIB, IrIB)(RBC, IrBC) = (RIB RBC, IrIB + IrBC)

we can write the position of an arbitrary particle P ∈ B as

IrIP = IrIC +RIC CrCP

= IrIB + IrBC +RIB RBC CrCP .

The case G = SO(3)⋉R3, corresponds to the relative translation rBC being expressed
in the basis B, i.e. qBC = (RBC, BrBC), since based on

qIC = qIB qBC = (RIB, IrIB)(RBC, BrBC) = (RIB RBC, IrIB +RIB BrBC)

we can write the position of an arbitrary particle P ∈ B as

IrIP = IrIC +RIC CrCP

= IrIB +RIB BrBC +RIB RBC CrCP .
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A.5 Material velocity

According to Equation (A.1), the position of any particle P ∈B can be written in terms
of the configuration qIB(t) =

(
RIB(t), IrIB(t)

)
∈ G of the body B, which is seen to be a

smooth curve qIB : I→ G with time interval I⊂R. Since BrBP is constant, the velocity
of the particle is given by

I ṙIP(t) = I ṙIB(t)+ ṘIB(t)BrBP ,

which depends solely on the material velocity q̇IB(t) =
(
ṘIB(t), I ṙIB(t)

)
∈ TqIB G. The

vector space TqIB G of all possible velocities at configuration qIB is discussed next.

A.6 The derivative (interlude)

A smooth manifold M has a notion of neighborhoods around points. For some neigh-
borhood (open set) U ⊂ M, a coordinate chart on U is a smooth isomorphism x : U →
x(U) that takes any point in U to its coordinate representation in x(U) ⊆ Rn, where
n = dim(M). While a single chart suffices for a flat space such as E 3, in general it takes
multiple overlapping charts to cover a manifold.
As the derivative is a local operator, it can be computed numerically on the chart level.
Staying on the coordinate-free level, let f : M →N be any smooth function between two
smooth manifolds. The derivative of f evaluated at point p ∈ M is the linear function

Tp f : TpM → T f (p)N

v 7→ d
dt

∣∣∣
t=0

f (c(t)) ,

where c : I→ M with R ⊇ I ∋ 0 is an arbitrary smooth curve on M such that c(0) = p
and ċ(0) = v. So, the derivative of a smooth curve c at some point (in time, here 0) is a
vector v ∈ Tc(0)M, which is seen to be tangent to the curve at that point. The tangent
space over point p, denoted by TpM, is simply the vector space of all possible tangent
vectors at p, considering all possible curves passing through p. Finally, the derivative
T f of any smooth function f is the linear function that propagates tangent vectors along
f . Going one level up, the disjoint union of all tangent spaces TM = ⊔p∈MTpM forms
again a smooth manifold, called the tangent bundle over M. We have dim(TM) =
2 ·dim(M), since for every point p ∈ M, there are dim(TpM) = dim(M) directions for
change. So, T sends a manifold M to its tangent bundle TM and it sends a smooth
map f : M → N between manifolds to its derivative T f : TM → TN. For any composite
function f = f2 ◦ f1, it satisfies the chain rule (functor property) T f = T f2 ◦T f1.
We now relate this to the differential d f of a function f : M → R. First, we notice
that for a function f : M → N between arbitrary manifolds, the derivative is a map
T f : TM →TN that sends any pair (p, v) with p∈M and v∈TpM to the pair (q, w) with
q = f (p) and w ∈ TqN being the infinitesimal change of f (p) when the infinitesimal
change of p is given by v. To make composition work (chain rule), it is important to
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also propagate the points q and p and not only their local changes v and w. In contrast
to the derivative, the differential only applies to functions f : M → R on manifolds. At
point p, the differential d f |p does not include the value f (p). It simply is a covector
d f |p ∈ T∗

pM, i.e. a linear function that sends a vector v ∈ TpM to the corresponding
infinitesimal change w ∈ T f (p)R ∼= R. We write w = ⟨d f |p | v⟩ for the duality pairing.
The concept of covectors and linear duality is discussed next.

A.7 Dual spaces and dual maps (another interlude)

Given a vector space V , its dual space V ∗ is the vector space of linear functions from V
to R. Vector addition on V ∗ is defined by (α1+α2)(v)=α1(v)+α2(v) for any two dual
vectors (covectors) α1, α2 ∈ V ∗ and any vector v ∈ V . Scalar multiplication on V ∗ is
also inherited from R, i.e. (c ·α)(v)= c ·α(v) for any covector α ∈V ∗, any scalar c∈R,
and any vector v ∈ V . The duality pairing ⟨· | ·⟩ : V ∗×V → R is simply defined by
⟨α | v⟩= α(v) for any covector α ∈V ∗ and any vector v ∈V . A basis (e1, . . . , en) for V
determines the corresponding dual basis (e1, . . . , en) for V ∗ by requiring ⟨ei | e j⟩= δ i

j
for all i, j = 1, . . . , n, where n = dim(V ) = dim(V ∗) and δ i

j = 1 if i = j and δ i
j = 0

otherwise.
Given a linear map f : V → W between two vector spaces V and W , the dual map
f ∗ : W ∗ → V ∗ is defined by ⟨ f ∗(α) | v⟩ = ⟨α | f (v)⟩ for any v ∈ V and α ∈ W ∗. As-
suming a choice of basis for both V and W , linear maps V →W can be represented as
matrices. The matrix for f ∗ then simply is the transpose of the matrix for f .
Given a manifold M, we can define its cotangent bundle T∗M = ⊔p∈MT∗

pM, where
the cotangent space T∗

pM is the dual space of the tangent space TpM. The derivative
T f : TM → TN of a function f : M → N is an instance of a vector bundle map, since for
every point p ∈ M, it provides a linear map from TpM to TqN, were q = f (p). Given
a vector bundle map g : TM → TN with underlying base map f : M → N, its dual map
g∗ : T∗N → T∗M is defined by ⟨g∗(α) | v⟩= ⟨α | g(v)⟩ for any point p ∈ M, any tangent
vector v ∈ TpM and any cotangent vector α ∈ T∗

f (p)N.
The Whitney sum TM⊕T∗M of the tangent bundle TM and the cotangent bundle T∗M
has elements (p, vp, αp) ∈ TM⊕T∗M, where p ∈ M, vp ∈ TpM and αp ∈ T∗

pM.

A.8 Trivialized velocity variables

Since the motion of a rigid body is described as a curve on G, a velocity variable
naturally is a vector in the 12-dimensional tangent bundle TG. Based on the group
structure, we can represent velocities in a 6-dimensional vector space.
First, we note that for any group G and any fixed element q ∈G, there are two canonical
isomorphisms G → G, called left and right translation. Left translation by q is simply
defined by Lq(q̄) = qq̄, while right translation by q is defined by Rq(q̄) = q̄q, for all
q̄ ∈ G. Let f denote either of the two maps.
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Since G is a Lie group, f : G → G is a smooth isomorphism, and so its derivative
evaluated at any point q̄ ∈ G is a linear isomorphism denoted by Tq̄ f : Tq̄G → T f (q̄)G.
Based on this, we can push any tangent vector v ∈ Tq̄G forward to a single tangent
space, namely the tangent space g = TeG over the identity element e. For this, we
simply choose q = q̄−1, since Lq−1(q) = Rq−1(q) = e.
Considering all q ∈ G, the family of maps TqLq−1 : TqG → g gives a vector bundle
isomorphism TG ∼= G×g, called left-trivialization of TG. So, instead of the material
velocity q̇ ∈ TqG, we can use the left-trivialized velocity variable

ũ = TqLq−1(q̇) ∈ g . (A.3)

The right-trivialization of TG and the right-trivialized velocity is defined analogously.
To work out the lower-level details, we first characterize the vector space g. While R ∈
SO(3) is a 3×3 matrix, we have dim(SO(3)) = 3 due to the orthonormality constraint.
Let R : I→ SO(3) be a curve with R(0)=E. Taking the derivative of the orthonormality
constraint at t = 0 gives

d
dt

∣∣∣
t=0

RT(t)R(t) = ṘT(0)R(0)+RT(0) Ṙ(0) = ṘT(0)+ Ṙ(0) =
d
dt

∣∣∣
t=0

E = 0 .

Since Ṙ(0) ∈ TE SO(3), we conclude that

so(3) := TE SO(3) =
{

ω̃ ∈ R3×3 | ω̃
T + ω̃ = 0

}
.

The vector space so(3) of skew-symmetric 3× 3 matrices can be identified with R3

by collecting the three non-zero entries of ω̃ ∈ so(3) in a vector ω ∈ R3 such that
for all v ∈ R3 we have ω̃ v = ω × v. We denote the isomorphism so(3) ∼= R3 simply
by the presence or absence of the tilde symbol. Based on this and the identification
T0R3 ∼=R3, we have g :=TeG= so(3)×R3 and we accordingly identify g∋ ũ=(ω̃, υ)
and R6 ∼= R3 ×R3 ∋ u = (ω, υ).
Given a configuration q = (R, r) ∈ G and a material velocity q̇ = (Ṙ, ṙ) ∈ TqG, the
corresponding left-trivialized velocity ũ = (ω̃, υ) ∈ g is given by

G = SO(3)×R3 : (ω̃, υ) =
(
RTṘ, ṙ

)
G = SO(3)⋉R3 : (ω̃, υ) =

(
RTṘ, RTṙ

)
.

(A.4)

Thus, the different group structures on the configuration space lead to different velocity
representations. Given a rigid body motion qIB(t) =

(
RIB(t), IrIB(t)

)
, the direct prod-

uct implies that the left-trivialized translational velocity is expressed in the basis I of
the inertial reference frame, i.e. υ = I ṙIB, while the semidirect product implies that it is
expressed in the basis B of the body-fixed frame, i.e. υ = RBI I ṙIB.
As used in Section 4.3.2, the map TeLq : g→ TqG sends a velocity ũ to the correspond-
ing material velocity TeLq(ũ). Moreover, the dual map T∗

eLq : T∗
qG → g∗ sends a force

given in the material description to its left-trivialized representation. The defining prop-
erty ⟨T∗

eLq( fq) | ũ⟩ = ⟨ fq | TeLq(ũ)⟩ for any velocity ũ ∈ TeG and any material force
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covector fq ∈ T∗
qG hence requires power invariance, i.e. force times velocity is equal in

both descriptions. Based on this, we have the left-trivialization TG⊕T∗G∼=G×g×g∗,
defined by

(
q, vq, pq

)
7→
(
q, TqLq−1(vq), T∗

eLq(pq)
)

and its inverse. The symbol p is
used here, as g∗ is not only the space of forces, but also the space of momenta, given
with respect to a body-fixed frame.

A.9 Adjoint actions

The so-called adjoint actions of the Lie group G reflect the non-commutativity of its
composition operation. Specifically, we need the adjoint action of G on g to transform
velocities between different body-fixed frames. Furthermore, the adjoint ‘action’ of g
on itself gives the so-called Lie bracket, which makes g a Lie algebra.
Both actions are obtained by differentiation of the conjugation map. Conjugation by
q ∈ G is defined as ADq(q̄) = qq̄q−1 for any q̄ ∈ G. Equivalently, we have ADq =
Lq ◦Rq−1 = Rq−1 ◦Lq.
For a given q ∈ G, the adjoint action of G on g is defined by

Adq : g→ g

ũ 7→ Te ADq(ũ) .

Specifically, for q = (R, r) ∈ G and ũ = (ω̃, υ) ∈ g, we have

G = SO(3)×R3 : Adq(ũ) = (R ω̃ RT, υ)

G = SO(3)⋉R3 : Adq(ũ) = (R ω̃ RT, Rυ −R ω̃ RT r) .
(A.5)

Based on the identification g∼=R3 ×R3 ∋ u = (ω, υ) and using the fact R ω̃ RT = R̃ω ,
we also write Adq(u) =

(
Rω, υ

)
in the former and Adq(u) =

(
Rω, Rυ − (Rω)× r

)
in

the latter case.
For a given ũ2 ∈ g, the adjoint action of g on itself is defined by differentiating
Ad(·)(ũ2) : G → g, i.e. adũ1(ũ2) = (Te(Ad(·)(ũ)))(ũ1). For ũ1 = (ω̃1, υ1) ∈ g and ũ2 =
(ω̃2, υ2) ∈ g, we have

G = SO(3)×R3 : adũ1(ũ2) = (ω̃1 ω̃2 − ω̃2 ω̃1, 0)

G = SO(3)⋉R3 : adũ1(ũ2) = (ω̃1 ω̃2 − ω̃2 ω̃1, ω̃1 υ2 − ω̃2 υ1) .

Based on the identification g ∼= R3 ×R3 and using the fact ω̃1 ω̃2 − ω̃2 ω̃1 = ω̃1 ×ω2,
we write adu1(u2) = (ω1 ×ω2, 0) in the former and adu1(u2) = (ω1 ×ω2, ω1 ×υ2 −
ω2 ×υ1) in the latter case. Equipped with the Lie bracket [·, ·] : g× g → g given by
[ũ1, ũ2] = adũ1(ũ2), the vector space g is called the Lie algebra associated to G.
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A.10 Coadjoint actions

As remarked already, the map Adq : g→ g is used to transform a left-trivialized velocity
between two body-fixed frames, which are related by a relative pose q. In order to
then also transform the corresponding forces, we need the dual map Ad∗q : g∗ → g∗.
Analogous to the identification g∼=R3×R3 ∼=R6, we also identify g∗ ∼=R3×R3 ∼=R6

such that ⟨ f̃ | ũ⟩= ⟨ f | u⟩= f Tu for any f = ( fω , fυ )∈R3×R3 ∼= g∗ and u = (ω, υ)∈
R3 ×R3 ∼= g. We then have

G = SO(3)×R3 : Ad∗q( f ) =
(
RT fω , fυ

)
G = SO(3)⋉R3 : Ad∗q( f ) =

(
RT( fω − (r× fυ )), RT fυ

)
.

(A.6)

To express the gyroscopic forces acting on a rigid body in Section 4.3.2, we also need
the linear dual of adu : g→ g. For any p = (pω , pυ ) ∈R3 ×R3 ∼= g∗ and u = (ω, υ) ∈
R3 ×R3 ∼= g, we have

G = SO(3)×R3 : ad∗u(p) = (pω ×ω, 0)

G = SO(3)⋉R3 : ad∗u(p) = (pω ×ω + pυ ×υ , pυ ×ω) .” [LCL24]
(A.7)
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Chapter B

Geometric foundation for fluid and plasma models

In this appendix, we summarize the geometric concepts used to model fluid and plasma
dynamics in Chapter 5. “More details can be found, e.g., in the lectures by [Cra21] or
the textbooks [Lee12; AMR88].

B.1 Linear duality

Given a finite-dimensional vector space V , its dual space V ∗ is the vector space of
all linear functions from V to R. Vector addition on V ∗ is defined by (α1 +α2)(v) =
α1(v)+α2(v) for any two dual vectors (or covectors) α1, α2 ∈V ∗ and any vector v∈V .
Scalar multiplication on V ∗ is also inherited from R, i.e. (c ·α)(v) = c ·α(v) for any
scalar c ∈ R, any covector α ∈V ∗, and any vector v ∈V .
The duality pairing ⟨_ | _⟩ : V ∗ ×V → R is simply defined by ⟨α | v⟩ = α(v) for
any covector α ∈ V ∗ and any vector v ∈ V . A basis (e1, . . . , en) for V determines the
corresponding dual basis (e1, . . . , en) for V ∗ by requiring ⟨ei | e j⟩ = δ i

j for all i, j =
1, . . . , n, where n = dim(V ) = dim(V ∗) and δ i

j = 1 if i = j and δ i
j = 0 otherwise. It

hence holds that V ∗∗ =V .
Given a linear map f : V → W between two vector spaces, the dual map (or linear
adjoint) f ∗ : W ∗ →V ∗ is defined by ⟨ f ∗(α) | v⟩= ⟨α | f (v)⟩ for any α ∈W ∗ and v ∈V .
Assuming a choice of basis for both V and W , linear maps V →W can be represented
as matrices. The matrix for f ∗ then simply is the transpose of the matrix for f .

B.2 Tensor algebra

A (p,q)-tensor on V (contravariant of order p and covariant of order q) can be seen
as a multilinear map

t : V ∗× . . .×V ∗︸ ︷︷ ︸
p copies

×V × . . .×V︸ ︷︷ ︸
q copies

→ R .

Multilinear maps are linear in each argument when the other arguments are held fixed.
The vector space of (p,q)-tensors is denoted by V⊗p ⊗ (V ∗)⊗q and V⊗p =V ⊗ . . .⊗V
(p copies) is called the p-th tensor power of V . Vector addition and scalar multipli-
cation are inherited from R. For instance, let t1 and t2 be two (0,2)-tensors on V .
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Their sum t = t1 + t2 is defined by t(v1, v2) = t1(v1, v2)+ t2(v1, v2) for all v1, v2 ∈ V .
The (0,0)-tensors are scalars and V⊗0 ∼= R is the unit for the tensor product (of vector
spaces). Considering again a 2-covariant tensor as example, t : V ∗⊗V ∗ may be seen as
a map from the unit t : R→V ∗⊗V ∗ (using scalar multiplication) and by duality it gives
a map t : V →V ∗ or t : V ⊗V →R. The tensor product (of tensors) is defined by mul-
tiplication of the resulting scalars. E.g., the tensor product t = t1⊗t2 of a (k,0)-tensor t1
and a (l,0)-tensor t2 is the (k+ l,0)-tensor t defined by t(α1, . . . , αk, αk+1, . . . , αk+l)=
t1(α1, . . . , αk) · t2(αk+1, . . . , αk+l) for all α1, . . . , αk+l ∈V ∗. Equipped with the tensor
product, the formal sum

⊕
∞
k=0 V⊗k becomes a graded algebra called the tensor algebra

on V .

B.3 Exterior algebra

The exterior algebra Λ(V ) on a vector space V is the graded subalgebra of its tensor
algebra that includes only antisymmetric tensors. A tensor is called antisymmetric if
swapping two arguments changes the sign of the resulting scalar. Tensors in the k-th
exterior power Λk(V ) ⊂ V⊗k are called k-vectors. The exterior product (or wedge
product) ∧ : Λk(V )×Λl(V )→ Λk+l(V ) is the antisymmetrized tensor product defined
by

(v1 ∧ v2)(α1, . . . , αk+l) =

1
k! · l!

· ∑
σ∈Sk+l

sgn(σ) · (v1 ⊗ v2)
(
ασ(1), . . . , ασ(k+l)

)
,

where Sk+l is the set of all permutations of the indices 1, . . . , k+ l and sgn: Sk+l →
{−1,+1} yields their sign. Due to the anti-symmetry, we have

v1 ∧ v2 = (−1)k·l v2 ∧ v1 (B.1)

for all v1 ∈ Λk(V ) and v2 ∈ Λl(V ). 1-vectors encode a directed length and 2-vectors
encode an oriented area. According to Equation (B.1), the orientation of a 2-vector
is reversed if the two 1-vectors spanning the area (thought of as a parallelogram) are
swapped. If they are linearly dependent, the resulting 2-vector is the 2nd grade zero vec-
tor (as the area of the parallelogram is zero). 0-vectors are scalars and 3-vectors encode
an oriented volume. Assuming dim(V ) = 3, we have dim(Λ0(V )) = dim(Λ3(V )) = 1
and dim(Λ1(V )) = dim(Λ2(V )) = 3.

B.4 Hodge duality

An inner product on an n-dimensional vector space V induces a linear isomorphism
⋆ : Λk(V ) → Λn−k(V ) called the Hodge star. For V = R3 with an orthonormal basis
(e1, e2, e3), we have ⋆1 = e1 ∧ e2 ∧ e3, ⋆e1 = e2 ∧ e3, ⋆e2 = e3 ∧ e1, ⋆e3 = e1 ∧ e2,
etc. The Hodge dual ⋆v of a 1-vector v is oriented in the plane that is orthogonal to
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v. Hence, the Hodge star converts between scalars and volume elements and between
orthogonal line and surface elements. Up to a sign, it is its own inverse, as we have
⋆⋆ v = (−1)k·(n−k) v for any v ∈ Λk(V ). Due to the symmetry of the inner product, we
have v1 ∧⋆v2 = v2 ∧⋆v1 for any k-vectors v1 and v2.

B.5 Smooth manifolds

A smooth manifold M is a topological space, meaning that it has a notion of neighbor-
hoods around points. For some neighborhood (open set) U ⊂ M, a coordinate chart
on U is a smooth isomorphism x : U → x(U) that takes any point in U to its coordinate
representation in x(U)⊆Rn, where n = dim(M). While a single chart suffices for a flat
space such as R3, in general it takes multiple overlapping charts to cover a manifold.
For each overlap of two charts, there is a smooth isomorphism called a chart transition
map.
Given that it is not empty, the boundary ∂M of M is seen as a (n− 1)-dimensional
submanifold with inclusion map i : ∂M ↪→M. At the boundary, M is locally isomorphic
to a half-space of Rn.

B.6 The derivative and the tangent bundle

Let f : M → N be a smooth function between two smooth manifolds. The derivative
of f evaluated at point p ∈ M is the linear function

Tp f : TpM → T f (p)N

v 7→ d
dt

∣∣∣
t=0

f
(
c(t)
)
,

where c : I→ M with R ⊇ I ∋ 0 is an arbitrary smooth curve on M such that c(0) = p
and ċ(0) = v. Hence, the derivative of a smooth curve c at some point (here 0) is a
vector v ∈ Tc(0)M, which is seen to be tangent to the curve at that point. The tangent
space of M over point p, denoted by TpM, is simply the vector space of all possible
tangent vectors at p, when considering all possible curves passing through p. Finally,
the derivative T f of any smooth function f is the linear function that propagates tangent
vectors along f . The disjoint union of all tangent spaces TM = ⊔p∈MTpM forms again
a smooth manifold, called the tangent bundle over M. We have dim(TM)= 2 ·dim(M),
since for every point p ∈ M, there are dim(TpM) = dim(M) directions for change. So,
T sends a manifold M to its tangent bundle TM and it sends a smooth map f : M → N
between manifolds to its derivative T f : TM → TN. For any composite function f =
f2 ◦ f1, T satisfies the chain rule (functor property) T f = T f2 ◦T f1.
Let pr : TM → M denote the bundle projection, which maps a tangent vector at point
p to the point p itself. A section s of the bundle TM is a smooth map s : M → TM
such that pr ◦ s = idM . A section of TM is called a vector field. We write Γ(TM) for
the infinite-dimensional vector space of such sections. An integral curve of a vector
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field X ∈ Γ(TM) is a smooth curve c : I→ M, with I⊆ R, such that for each t ∈ I, the
tangent vector to c at c(t) is X |c(t).

B.7 The cotangent bundle and the differential

Given a manifold M, we can define its cotangent bundle T∗M = ⊔p∈MT∗
pM, where

the cotangent space T∗
pM is the dual space of the tangent space TpM. A section of the

cotangent bundle is called a covector field.
We recall that for a function f : M → N between two smooth manifolds, the derivative
is a map T f : TM → TN that sends any pair (p, v) with p ∈ M and v ∈ TpM to the pair
(q, w) with q = f (p) and w ∈ TqN. Here, w is the local change of f (p), when the local
change of p is v. To make composition work (chain rule), one has to propagate also the
points q and p and not only their local changes v and w. In contrast to the derivative,
the differential only applies to functions f : M → R on manifolds. The differential
d f ∈ Γ(T∗M) is a covector field. At point p, d f |p ∈ T∗

pM, is a linear function that
sends a vector v ∈ TpM to the corresponding infinitesimal change w ∈ T f (p)R ∼= R.
Hence, w = ⟨d f |p | v⟩. The definition of the gradient used in VC is based on an inner
product. The differential instead uses linear duality, making it independent of such
extra structure.

B.8 Differential forms and the exterior derivative

Generalizing vector and covector fields, we can define (p,q)-tensor fields as sections of
(TM)⊗p ⊗ (T∗M)⊗q with the tensor product extending to fields in a pointwise manner.
Differential forms are tensor fields in the exterior algebra of the cotangent bundle.
We write Ωk(M) := Γ(Λk(T∗M)) for the infinite-dimensional vector space of k-forms
on M. 0-forms are smooth functions on M, i.e. Ω0(M) ∼= C∞(M), and 1-forms are
covector fields. A 2-form α ∈ Ω2(M) gives at every point p ∈ M a bilinear map
α|p : TpM × TpM → R that satisfies α(v1, v2) = −α(v2, v1) for all v1, v2 ∈ TpM.
The exterior product extends in a pointwise manner to a map ∧ : Ωk(M)×Ωl(M) →
Ωk+l(M), which satisfies the graded anticommutativity property in Equation (B.1).
For measuring the local change of differential forms, the differential d : C∞(M) →
Γ(T∗M) extends to a map d: Ωk(M)→ Ωk+1(M), called the exterior derivative. This
is uniquely determined by requiring that the product rule

d(α ∧β ) = dα ∧β +(−1)k ·α ∧dβ (B.2)

holds for all α ∈ Ωk(M), β ∈ Ωl(M) and that ddα = 0 for any differential form α .
The nilpotency corresponds to the fact that a Hessian matrix has no antisymmetric part.
Applied to 0-forms, the exterior derivative is similar to the gradient in VC. On 1-forms,
it is similar to the curl and on 2-forms it is similar to the divergence. The nilpotency
hence corresponds also to the fact that the curl of a gradient field and the divergence of
a curl field vanish.

158



B.9 Integration and Stokes theorem

Given a smooth map f : M → N between manifolds and a differential form α ∈ Ωk(N),
the pullback of α along f is denoted by f ∗(α) ∈ Ωk(M) and it is defined by
f ∗(α)|p(v1, . . . ,vk) = α| f (p)((Tp f )(v1), . . . ,(Tp f )(vk)) for all p ∈ M and v1, . . . ,vk ∈
TpM. The pullback distributes over the exterior product, i.e. f ∗(α ∧ β ) = f ∗(α)∧
f ∗(β ) and it commutes with the exterior derivative, i.e. f ∗(dα) = d( f ∗(α)).

B.9 Integration and Stokes theorem

Let M be a manifold with dim(M) = n and let N be a submanifold of M with dim(N) =
k. In particular, we may have N = M implying k = n.
A differential k-form on M can be integrated over N. At each point p ∈ M, a k-form
gives a linear map that sends a k-vector on TpM to a real number. We hence think
of k-forms as somehow measuring oriented k-dimensional volumes. For instance, a
1-form provides a ‘scale’ to measure a signed length-like quantity associated to curves,
as it assigns to each tangent vector a number that can be interpreted as an infinitesimal
‘length’. Summing these up for all tangent vectors along the curve gives the integral of
the 1-form along the curve, thought of as its total ‘length’.
The integral theorems of VC are unified into the generalized Stokes (or Stokes-Cartan)
theorem, which states that ∫

N
dα =

∫
∂N

i∗(α) (B.3)

for all α ∈ Ωk−1(N). Here, i∗(α) denotes the pullback of α along the inclusion
i : ∂N ↪→ N, thought of as restriction to the boundary. The orientation of ∂N is induced
by the orientation of N via an outwards pointing vector field. For k = dim(N) = 1,
the right hand side looks as in Equation (5.7). If the boundary ∂N is empty, the right
hand side is zero. Applying Stokes theorem twice with integrand ddα shows that the
nilpotency of the exterior derivative also reflects the topological fact that the boundary
of any boundary is empty. Combining Stokes theorem with the product rule for the
exterior derivative gives the following integration by parts formula: For all α ∈ Ωk(N)
and β ∈ Ω(n−k−1)(N), we have∫

N
d(α ∧β ) =

∫
∂N

i∗(α ∧β ) =
∫

∂N
i∗α ∧ i∗β

=
∫

N
dα ∧β + (−1)k ·

∫
N

α ∧dβ .

B.10 Straight vs twisted differential forms

We make the physically meaningful distinction between straight and twisted k-forms,
see, e.g., [Bur85].
The integral of a (straight) k-form on M over N changes sign if the orientation of N
changes. For instance, this applies to a 1-from that represents an electric field, as inte-
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grating it over a curve with reversed orientation results in a voltage with opposite sign.
The voltage is measured between the two endpoints of the curve.
The integral of a twisted k-form (or k-pseudoform) on M over N changes sign if the
transverse orientation of N changes. The transverse orientation (or pseudoorientation)
of N (in M) is the orientation of the (n − k)-dimensional space around N and it is
determined by the orientation of N and the orientation of the ambient space M. For
instance, this applies to a twisted 1-from representing a magnetic field strength, as its
integral over a closed curve changes sign if the orientation of the curve is reversed
or the handedness of the 3-dimensional ambient space changes. The latter determines
whether the left or right hand screw rule is used to determine the transverse orientation.
The integral is equal to the current that passes through a surface whose boundary is the
closed curve.
A twisted n-form on M is also called a density and it can be integrated over (n-dim. sub-
manifolds of) M without the need for an orientation. For instance, this applies to exten-
sive quantities such as mass or entropy, which are given by twisted 3-forms.
The vector space of twisted k-forms on M is denoted by Ω̃k(M). The exterior derivative
takes straight forms to straight forms and twisted forms to twisted forms. The exterior
product of a straight k-form and a twisted l-form gives a twisted (k+ l)-form. Stokes
theorem equally applies to twisted forms.

B.11 Riemannian metric and induced structure

A Riemannian metric on a manifold M is a symmetric positive-definite (0,2)-tensor
g ∈ Γ(T∗M⊗T∗M), which gives an inner product on every tangent space of M.
On a Riemannian manifold (M, g), the so-called musical isomorphisms denoted by
♭ : TM → T∗M and ♯ : T∗M → TM map between vectors and covectors or between
vector fields and 1-forms. For some vector v ∈ TpM, the flat map is defined by v♭ =
g(v, ·) ∈ T∗

pM. The sharp map is defined similarly using the inverse of g.
The inner product on each tangent space induces a Hodge star isomorphism ⋆ : Ωk(M)→
Ω̃n−k(M), see [Ram05]. We again have ⋆⋆α = (−1)k·(n−k)

α for all α ∈ Ωk(M). For
the case n = 3, this simplifies to ⋆ ⋆α = α . Due to the symmetry of the inner prod-
uct, we have α ∧ ⋆β = β ∧ ⋆α for all α,β ∈ Ωk(M). The same applies for the other
direction ⋆ : Ω̃k(M)→ Ωn−k(M).
The Riemannian volume form (or density) on (M, g) is given by ⋆1 ∈ Ω̃n(M).

B.12 Interior product and Lie derivative

The interior product ιX : Ωk(M) → Ωk−1(M) fixes a vector field X ∈ Γ(TM) as the
first argument of a (twisted) k-form. As shown in [Hir03], it can be expressed using the

160



B.13 Covariant derivative and bundle-valued forms

Hodge star:

ι
(_)♯(_) : Ω

1(M)×Ω
k(M)→ Ω

k−1(M)

(υ , α) 7→ ιυ ♯α = (−1)(k+1)n ⋆ (υ ∧⋆α) .
(B.4)

The Lie derivative L does not depend on the metric and measures the change of a
tensor along the (local) flow of a vector field. The Lie derivative of a (twisted) k-form
α can be computed with Cartan’s magic formula

LX α = d(ιX α) + ιX (dα) .

B.13 Covariant derivative and bundle-valued forms

A covariant derivative is a directional derivative for tensor fields. In contrast to the
exterior derivative and Lie derivative, there is no unique covariant derivative defined on
a smooth manifold. However, for a Riemannian manifold, there is a canonical choice,
called the Levi-Civita connection. For the relevant case of a vector field u ∈ Γ(TM), the
covariant derivative of u along a tangent vector v ∈ TM is denoted by ∇v u ∈ Γ(TM).
Since ∇ is linear with respect to the direction, we write ∇u ∈ Γ(TM)⊗Ω1(M). Pairing
the second leg (or form part) of the TM-valued 1-form ∇u with some tangent vector v
again gives ∇v u.
To define a duality pairing for bundle-valued forms, we use the binary operation

∧̇ : (Γ(TM)⊗Ω
k(Z ))× (Γ(T∗M)⊗ Ω̃

n−k(M))→ Ω̃
n(M) (B.5)

defined by (u⊗β )∧̇(α ⊗γ) = ⟨α | u⟩ ·β ∧γ . For k = 0, we implicitly identify Γ(TM)∼=
Γ(TM)⊗Ω0(M) and Γ(T∗M)∼=Γ(T∗M)⊗Ω0(M). We may then write u∧̇(α⊗(⋆1)) =
(ιuα)⋆1 = ⋆(ιuα).
The exterior covariant derivative d∇ is the formal adjoint of −∇. For the relevant case of
a Γ(T∗M)-valued twisted 2-form T , it gives a map d∇ : Γ(T∗M)⊗Ω̃2(M)→ Γ(T∗M)⊗
Ω̃3(M) that is determined by the integration by parts formula∫

M
d(u∧̇T ) =

∫
∂M

i∗(u∧̇T ) =
∫

M
u∧̇d∇T +

∫
M

∇u∧̇T ,

see [Kan+07].”
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